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Introduction

This Work Out is not just another text book. It is based on the ‘A’ level Common
Core Mathematics syllabus and has been designed to help students to obtain the
best possible grades in their ‘A’ level examination. In addition it has been written
to provide a bridge for students, especially BTEC students, wishing to go into
higher education. Students entering higher education often find they are unfamiliar
with some ‘A’ level topics and lack sufficient practice in topics which the lecturers
assume to be known.

Each chapter in the book starts with a brief list of formulae and is followed by
many ‘A’ level type questions, each with a complete solution. At the end of each
chapter more ‘A’ level questions are set as exercises with the important stages in
the working of each one being given to facilitate easy reference.

How to Use the Book

Revision

(a) By repeated use and practice, endeavour to become familiar with the frequently
used formulae listed in the fact sheets.

(b) Practice in answering examination questions is important. Open the book at a
definite topic, choose a question and cover up the solution until you have tried to
do it by yourself. If you get really stuck, your mind will be receptive when you
uncover the solution.

(¢) When answering multiple-choice questions, work through your solution in the
same way as you would an ordinary question. If you are unable to answer the
question, substituting the suggested answers into the question can often help to
eliminate some solutions. Only guess an answer as a last resort, and not even then
if the marking scheme penalizes wrong answers.

(a) Your educational establishment should be able to supply you with a syllabus
and typical examination papers. Failing that, you should write to the secretary of
the board whose examination you plan to take. A list of addresses is given on
pages vii and viii.

(b) Use the book to revise topics you have already covered, before trying complete
papers.

(c) Frequent reference to the formula booklet in examinations wastes precious
time and increases the risk of losing your train of thought in the middle of a
solution, while, as often as not, the formula you seek is not listed. Familiarize
yourself with the contents of your formula sheet before the examination!

(d) Development of an examination technique is very important and may take
months to evolve. Well before the examination, may be before you finish the
syllabus, choose a convenient time and do a paper ‘to time’ under examination
conditions (quiet!). You may well be appalled at how badly you do. Go through
the paper again as soon as possible, referring to similar questions in this book. At
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this time your mind will be receptive to ways of overcoming the difficulties you
have encountered. If you are able to do one paper ‘to time’ each fortnight for two
or three months you will develop a sixth sense which enables you to spot ‘easy’
questions.

(e) Get into the habit of writing solutions tidily first time. So many students are
content with scruffy solutions during the months leading up to the examination.
Perhaps they expect a fairy to wave a wand and change their untidiness into a
perfect script on the day! Unfortunately there is a shortage of such fairies, so get
into the ‘neat first time’ habit.

The Examination

(a) Do the ‘easy’ questions at the start of the examination; this boosts your
confidence.

(b) If you get stuck on a question and cannot see an alternative approach, cut
your losses and go to another question. Examinations have been failed by good
candidates spending too long stuck on one or two questions.

(¢) If you find you are running out of time then look for questions which give
‘part-way’ answers, usually after asking bookwork. Quite often the problem part
of the question is a straightforward application of the bookwork, is easy to do
and is rewarding in marks. Do it, even if you cannot do the bookwork.

(d) Never cross out. You may be crossing out marks.

(e) Never walk out of an examination. Re-read the questions right through; even if
you cannot do the first parts of the questions there will be some parts of some
questions you can try.

(f) Good luck!



1 Polynomials and
Indices

Algebraic operations on polynomials and rational functions. Factors of poly-
nomials. The remainder theorem. The factor theorem. Positive and negative
rational indices.

1.1 Fact Sheet

(a)

(b)

(c)

(d)

(e)

Long Division

If a polynomial f(x) is divided by a polynomial g(x), of a lower degree than f(x),
the remainder is a polynomial of a lower degree than g(x).

Example: 1f x5 — 3x* +x — 2 (degree 5) is divided by x% + 2x — 5 (degree 2)
the remainder will be of a lower degree than x? + 2x — 5, that is ax + b (degree 1,
or degree 0 if a = 0).

Remainder Theorem

When a polynomial f(x) is divided by (x — a) the remainder is f(a).
f(x) = (x — a)g(x) + ().

Factor Theorem

® If f(a) = 0 then (x — a) is a factor of f(x).

® [ff(a)=0and f'(a) = 0 then (x — a) is a repeated factor of f(x).
Identities

If f(x) = g(x) then f(a) = g(a) for all a
and the coefficient of x” in f(x) = coefficient of x” in g(x) for all n.

Indices

.amxan=am+n~ .am/an:am—n'

® g ™ =1/a". e %=1

® "N = {Va”’. ® (a"Y =a™ =(a")".



(f) Surds

® \/ax+/b=+/(ab). . %% = (%) .
o L-Vo
Va a

1.2 Worked Examples

1.1
(a) If f(x) = 6x% — 7x — 3 find the values of £(0), f(2), f(—1).
(b) If f(x) = 2x3 — 7x? + 4x — 3 prove that 7f(1) = 4f(2).

® (a) f(0) =6(0)* -7(0) —3=-3,
f(2) =6(2)> -7(2) -3=24—-14 -3=7,
f(-1)=6(-1)? - 7(-1)-3=6+7 —-3=10.

(b)) (1) =21 ~7(1)? +4(1)-3=2-7+4—-3=—-4

7f(1)=—-28.
f(2) =22 -7(2)* +4(2)-3=16—-28+8 —3=-7
4f(2) = — 28.

Hence 7f(1) = 4£(2).

1.2 Findaand bifalx +3)> +b(x —2)+ 1 =3x? +20x + 24.

® Substitute values for x.

When x = -3, —=5b+ 1 =3(-3)* +20(-3)+ 24
-9
= ph=2,
Whenx =2, 25a+1=3(2)>+202)+24
=76
=g =3.

o

Alternatively, expand the left-hand side of this identity:

Lhs. ax+3)? +b(x —2)+1=a(x?+6x+9)+bx —2b+1
=Z=ax?+6ax+9%+bx —2b+1
=ax? +x(6a+b)+9 —2b+ 1.

If ax? + x(6a+ b)+9a — 2b + 1 =3x? + 20x + 24 then the coefficients
of like terms may be equated.

Thatis, a=3 6a+b=20 9a — 2b + 1 =24,
Solve the first two equations for @ and b, and check in the third equation.

Hence a=3, b=2.



1.3

1.4

1.5

1.6

Given that (x + 1) and (x — 2) are factors of x* — 3x® +ax? + bx + 4,
find the values of ¢ and b.

® [f(x+1)and (x — 2) are factors of f(x) then f(—1) and f(2) are zero.
f(—D=(=D* — 3= +a(-D2+b(-1)+4=0,

Le. 8+a—b=0. ()
f(2)=(2)* —3(2)® +a(2)* +b(2)+4=0,

ie. 4a +2b — 4=0, 2)
Le. 2a+b -2=0. 3)

Adding equations 1 and 3:

3a+6=0, ie. a=-2.
Substitute into equation 1:

8 -2-b=0, ie. b=6.

The polynomial x3 + 2x2 + ax + b, where a, b are constants, leaves a remain-
der of 7 and 17 when divided by (x — 2) and (x + 3) respectively. Find the
values of @ and b and the remainder when this polynomial is divided by (x — 4).

® letg(x)=x3+2x% +ax + b,
g2(2) = the remainder when g(x) is divided by (x — 2).
g(2)=8+8+2a+b=7,

ie. 2a+b=-9 q))
Similarly, g(—3)=—-27+ 18 — 3a+ b =17,
i.e. —3a+b=26 2)

Subtracting equation 2 from equation 1:
S5a = -35, a=-T7.
Substituting into equation 1:
—~14+b=-9, b=5.
Therefore g(x)=x3+2x%? —7x + 5,
g(4)=64+32 - 28+5=73,
The remainder when g(x) is divided by (x — 4) is 73.

Given that g(x) =ax® +x2 + bx — 2, and g(2) is 6b — 2a + 2, thena : b is

A, 34 B,5:2; C,3:2; D,2:5; E,4:5.

® Ifg(x)=ax®+x%+bx —2theng(2)=8a+4+2b -2
=8a+ 2b + 2.

Hence 6b —-2a+2=8a+2b+2 = 4b=10a.
Hence a/b = 4/10, a:b=2:5. Answer D

Show that 17(1 — 1/172)Y/2 = ny/2 where # is an integer.

e Remember: a\/b =+/(a*b).



/ /
17 (1 —~ 1_175>1 e [(17)2(1 - %5)]1 Toa7 - i =88y,

288 =2x 144=2x122 =  (288)V/2 =212 412,
hence 17(1 — 1/17%)Y/2 = 12,/2.

1.7 When a polynomial g(x) is divided by (x + 3) the remainder is 8, and when
g(x) is divided by (x — 2) the remainder is 3. Find the remainder when g(x)
is divided by (x — 2)(x + 3).

® When a polynomial is divided by (x — 2) (x + 3) (by a quadratic), the
remainder is of the form ax + b (linear).
Letg(x)=(x — 2)(x + 3) f(x) tax + b.

Theng(—-3)=0+-3a+b=8 = —3a+b=8 ()

g2)=0+ 2a+b=3 = 2a+b=3. 2)

Subtracting equation | from equation 2,

Substituting in equation 2,
—2+b=3, b=S5.
The remainder when g(x) is divided by (x — 2)(x + 3) is —x + 5.

1.8 Use the factor theorem to find a linear factor of P(x), where
P(x)=x3 — 3x? — 10x + 24.

Hence express P(x) as a product of three linear factors.

e If a factor of P(x) is of the form (x — a) then a must be a factor of 24. Try
the smaliest factors first!

P(1) =1-3-10+24+#0 (x — 1) is not a factor.
P(-1)=-1-3+10+24+#0 (x + 1) is not a factor.
P(2) =8—-12-20+24=0 (x — 2) is a factor.

At this stage either persevere with other possible factors or carry out a
division by (x — 2).

x2 - x-—12
x—2)x* —3x% —10x +24
x3 — 2x?
— x* —10x
- x*+ 2x
- 12x +24
— 12x + 24.

x? — x — 12 has factors (x + 3)(x — 4) by inspection,
hence P(x)=(x —2) (x?> —x — 12)
=(x - 2Dx+3)x— 4.



1.9 Given that f(x) = 2x* + ax3 + bx? — 8x + ¢, find the real coefficients g, b
and ¢ when the following conditions are satisfied:
(a) (x +2)isa factor of f(x) and f'(x);
(b) when f(x) is divided by (x — 2) the remainder is 16.
Factorize f(x) completely.

® If (x + 2) is a factor of f(x) and f'(x) then (x + 2)* is a factor of f(x).
£(—2)=0and f'(~2)=0
f(x)=2x* +ax® +bx? — 8x +c, f'(x) = 8x3 + 3ax? + 2bx — 8,
f(-2)=32-8+4b+16+c=0 = 8a — 4b — c = 48, (H
f'(-2)=—64+12a —4b -8=0 = 12a-4b=72, 2)
f(2)=32+8a+4b - 16+c=16 = 8a+4b+c=0. 3

Adding equations 1 and 3: 16a =48, a=3.
Substitute into equation 2: 36 — 4b =72, b= -9.
Substitute into equation 3: 24 — 36+¢ =0, c=12,

Hence f(x)=2x* +3x3 —9x? — 8x +12=(x +2)%g(x).

2x? —5x+3
x? +4x +4)2x* +3x3 —9x? _8x+ 12

2x* + 8x3 + 8x?
—5x3 —17x% — 8x
—5x3 — 20x% — 20x
3x2+12x+ 12
3x% +12x + 12.
fO)=0c+2)2(2x%? —=5x+3)=(x +2)*(x — 1)(2x — 3).

1.10 Simplify, without the use of tables or calculator,

V3 +/12+4/108 — /75
V6 —+/96+4/150

® Remember that\/ab =+/a\/b and a/c + b\/c = (a + b}\/c.

V12 =/(4x3)=/4x/3=2/3; V108 =1/36 x+/3 = 64/3;
V75 =4/25x+/3 = 5¢/3; V96 =+/16 x+/6=4y/6;
V150 /25 x1/6 = 5\/6.

Homee  V3+V12+4/108 —\/75 _ /3 +2y/3+6y/3 —5/3

V/6—/96 ++/150 V6 4/6 +5./6
SN2
X/6 /2
=y/2.



1.11 Find, without using tables or calculator, the value of x, given that

23X+7 8x~3

42x~3 395-% ’

® Notice that all the base numbers are powers of 2. Express each term as a
power of 2.

42x72 - (22 )2x~—2 - 24x—4; 8x-3 — (23 )x~3 = 23x*9;

325-x = (25 )S—x = 225—5x~

23x+7 23x~9

Hence H4x—4 - 925~ 5x

Using the rules of indices, 2% /2% = 2¢-?,

ie. 20Bx+7)~(4x—4) = 7(3x—9)—-(25—5x)

ie 27Xt =28x-34 o x4+ 11=8x —34, x=5.

1.3 Exercises

1.1 Given that (x + 3) is a factor of f(x) where f(x) = 2x3 — ax + 12, find the
constant a. Express f(x) as a product of linear factors. (L)

1.2 Find the quotient and the remainder when the polynomial x2(x — 1)(2x + 3)
is divided by the polynomial x? + 2.

1.3 If f(x) is a polynomial in x, show that when f(x) is divided by (x — a) the
remainder is f(a).

When x3 + ax? + bx + ¢ is divided by (x — 3) the remainder is 18 and when
divided by x? — 3x + 2 the remainder is 10. Find the values of a, b and c¢.

1.4 Find, without using tables or calculator, the exact value of

2+y/3° . @ —/3)
2-4/3 2+4/3

1.5 The units digit in the answer to
123% — 4215 +9323
is: A, 2; B, 7; C, 3; D, §; E, 9.

1.6 Given that 2**1 — 57 =131,2*"% +5Y°2 =13 find x and ».

1.7 Given that f(x) = 4x* + 12x3 — 5x% — 21x + 10, find by trial two integer
solutions of the equation f(x) = 0. Hence factorise f(x) and solve the equation
completely.



1.8 If2x — lisa factor of 2x3 + bx? — 8 + 2, b is equal to:

A.9: B, -5: C.1: D, 3: E, 7.

1.9 Find, without the use of tables or a calculator, the value of x, given that
2X +5 4X— 1

1.10 Using the remainder theorem, or otherwise, show thatx —a — b —cisa
factor of

x—a)(x —-b)(x —c¢c)—(b+c)(c+a)a+b).
Hence, or otherwise, solve the equation

(x - 2)x+3)(x+1)—4=0.

1.4 Outline Solutions to Exercises

1.1 (x + 3)is a factor so
f(-3)=0 = a=14 = f(x)=2x>— 14x+12.
Trying integers gives f(2) = 0 and (1) = 0.
f(x) =20+ 3)x — D(x - 1).

1.2 x2(x — D@2x +3)=2x* +x3 — 3x2.

22+ x — 7
x2 +2 )2x* +x3 - 3x?

2x4 + 4x?
x3 — Tx?
x3 +2x
— Tx* -2x
— Ix? — 14
Remainder - 2x+ 14
Quotient: 2x% +x - 7: remainder: —2x + 14.

1.3 Letf(x)=(x—a)g(x)+r.
Putx =a,sof(a)=r.

f(3)=27+9a+3b+c=18(given). (1)
x2 - 3x+2=(x-— D(x—2).

Dividing (x - 1) and (x — 2) into x3 +ax? + bx + ¢ give remainders of 10.

1+ a+ b+tc=10 2)
and 8+4a+2b+c=10. 3)
Solving these equations givesa= -2, b=-1, c¢=12.



1.4 Put over common denominator: (2 —4/3)(2++4/3)=4 -3=1.

Expand numerator: (2+/3) +(2 -+/3) =52.
1.5 3%=81, 15=1, 23=8.
Units digit: 1-1+8=8. Answer D

1.6 Multiply second equation by 5% and add them:
291 452 .2%% =456 = 2¥74(25 +52)=456
= 2X4=8=23
Hence x—-—4)=3 = x=17.
Substitute into first equation:
28 57 =131, 57 =125, y=3.
x=7,y=3.

1.7 Try integers. f(1) =0, f(-2)=0sox =1, x = —2 are solutions.
x—Dx+2)=x2+x - 2.
Long division gives:
fx)=(x%*+x —2)(4x? + 8x — 5).
4x? + 8x — 5 =0 has solutions x =4 orx = — 3.

Hence rootsx =1, —2,%, — 3.

1.8 Since (2x — 1) is a factor, f(3) = 0.
Substitution of x =+ gives b = 7. Answer E

1.9 Remember that 8 =23 and 4¥~1 =22¥-2,
Equation simplifies to 2¥¥573% = 22*¥-2-2x+1

Equating indices gives x = 3.

1.10 f(x)=(x—-a)(x —b)(x —¢c)— (b +c)(c+a)(a+b).

Puttingx=a+b +cgivesfl@a+b+c)=0
=x—a— b— cisafactor.

leta=2,b=-3,c=-1.
Then x + 2 isafactorof (x - 2)(x +3)(x +1)—4=0.
Factorizing gives (x + 2) (x2 — 5) = 0.

x=-2 or /5.



2 (uadratic Functions

The general quadratic function in one variable including solution of quadratic
equations, sketching graphs and finding maxima and minima by completing the
square.

2.1 Fact Sheet

(a)

(b)

(c)

(d)

(e)

The quadratic equation ax? + bx + ¢ = 0 has two roots given by

_ -b i\/(b2 — 4ac) .
2a

The discriminant b?> — 4ac gives the nature of the roots.

® If b2 — 4ac > 0, roots are real and distinct.

® If b2 — 4qc = 0, roots are real and equal.

® If b2 — dac <0, roots are complex.

® If b2 — 4ac > 0 and ac > 0, roots have the same sign.

® The quadratic function f(x) = ax? + bx + ¢ > O forallreal x if b? — 4ac <0
and a > 0.

Roots

® If the roots of ax? + bx + ¢ = 0 are « and B, then:

c>1+B=4—é
a

and o =

® jn

® Given the roots of a quadratic equation, the equation is:
2 _ (sum of roots) x + product of roots = 0.

® If coefficients a, b and ¢ are rational then the roots occur in conjugate
pairs d *t4/e.

Useful Identities

® o +f%=(a+p)? — 208=(a—f)* + 2ap.

® (a—f)? =(a+f)? - 4op.

° 0é3+B3—(Ot+B)(0t —aft+pP)= (a+{3)[(a+6)2—3a6]
~ B =(a—-p)? +af+p2)=(a—PB) [(a—B)? +3aB].

Completing the square

® x2 + px requires (p/2)? to complete the square.
® x? +px+(p/2)* =(x+p[2).



® If f(x)=a(x +p)* +4q,and a> 0, then

f(x) has a least value of g, when x = —p (diagram below, left).
® Ifa <0, f(x) has a greatest value of ¢, when x = —p (diagram below, right).
® The graph of y = f(x) has a line of symmetry at x = —p.

Line of ]
symmetry Line of
‘ symmetry

|
!

2.2 Worked Examples

10

2.1

2.2

The sum of the roots of a quadratic equation is 9 and the product of the
roots is 4. The equation could be:

A 9x? +4x+1=0; B, 4x?+9x+1=0;
C, x2+9x—4=0; D, x> -9 +4=0;
E, x2-4x+9=0.

® A quadratic equation can be written as
x? — (sum of roots) x + product of roots = 0,
ie.x? —9x+4=0. Answer D

Prove that the equation x (x — 2p) = g(x — p) has real roots for all real values
of p and ¢q. If ¢ = -3, find a non-zero value for p so that the roots are
rational.

® x(x -2p)=qx—p) = x*-2px=qx —pq
= x?—x(2p+q)+pq=0.
Discriminant = (2p + q)* — 4pq,
=4p* +4pg+q° — 4pq.
= 4p2 + q2‘

For all real values of p and ¢, 4p* > 0 and ¢*> = 0.
Hence the discriminant 2 0 for all real p and ¢,
i.e. the equation has real roots.

If g = —3 the discriminant = 4p% + 9.

For rational roots the discriminant must be a perfect square and p must be
rational.

Try 4p? +9=9, 4p* +9 =16, 4p* +9 =25, etc.
4p* +9=25 is the first of these expressions which will give a rational non-
zero value of p.

4p? = 16, p=2.

Hence the roots are rational when p =2 (or —2).



2.3 A quadratic equation with rational coefficients and one root 2 +4/3 is:
A, x*+4x —1=0; B,x? —4x+1=0;
C,x*+ x+4=0; D, x? —4x - 1=0;
E,x>+4x + 1=0.

® Roots of a quadratic equation with rational coefficients occur in conjugate
pairs a +1/b, a — \/b where a and b are rational numbers.

Roots of required equation are 2 +4/3 and 2 - /3.

Sum of roots: (2 +4/3) + (2 —+/3) = 4.

Product of roots: (2 +4/3) (2 —4/3)=4 -3 =1.

Required equation is x? —4x + 1 = 0. Answer B

2.4 By completing the square, or otherwise, find the range of the function f
given by

f(x) =x2? — 6x + 10, x €R.
Sketch the graph of f(x).

® f(x)=x% —6x+10.
x? — 6x requires + 9 to make a perfect square.
Hence f(x)=(x? —6x+ 9+ 1=(x —3)? + 1,
“i.e. f(x) has a minimum value of 1 when x = 3.
Range of f(x) is f(x) = 1.
Graph of f(x) is a parabola with a line of symmetry at x = 3, and a mini-
mum turning point at (3, 1).

15 +

A

Line of symmetry

\
\
|
1
i
1
|
|
[
1
\
;

— e
0] 1 2 3 4 5 6

2.5 The quadratic function f(x) takes the value 20 when x = 1 and x = 5 and

takes the value 14 when x = 2. Obtain f(x) in the form ax? + bx + c. Express

f(x) in the form a(x — p)* + q and hence find the least possible value of f(x).

Draw a rough sketch of the graph of y = f(x) and state its relation to the

graph of y =ax?. The line through the origin and the point (2. 14) meets the
graph of y = f(x) again at the point P. Find the coordinates of P.

® If (1) and f(5) are equal the line of symmetry is x = 1+5 Jie x =3,

11



f(x)=alx — 3)% +4.
f(1)=4a+q=20.
f(2Q)=a+q=14.
Equation 1 — equation 2:
3a=6, a=2, q=12.

Therefore f(x) = 2(x — 3)? + 12=2x? — 12x + 30.
Since f(x) = 2(x — 3)® + 12, f(x) has a least value of 12 when x = 3.

The graph y = f(x) is a translation of (132> of the graph y = 2x2.
) A
50 - P (15,52.5)
40 -+
30
20 +

10+

The line through the origin and (2, 14) has a gradient of 12—4, ie.7.
The equation of the line isy = 7x.
When the line cuts the curve y = f(x) then f(x) = 7x,

ie. 2x2 — 12x+30="7x
2x2 —19x+30=0
2x -15x—~-2)=0

= x=2 or 175.
AtP, x=17.5, y=7(7.5)=52.5;
P(7.5,52.5).

2.6 1£.x is eal, find the set of possible values of =X — .
X
2x — 2
® Jet ———— =
R

12

(1)
(2)



Then 2x ~2=p(x? +3)
= px? - 2x+3p+2=0.

This is a quadratic equation in x and it is given that x is real. Therefore the
equation must have real roots

ie. b? —4ac>0
= (=2)? - 4p Bp+2)=0,
4 —12p* —8p=0.

0> 12p% +8p — 4,
0= 4@p*+2p-1),
0> 4Gp—Dp+1).

If f(p) =@3p — 1) (p + 1) then we require f(p) <O.
The sketch of f(p) shows that f(p) <0 when —1 <p <7.

fio) §

-1 1

The set of possible values of 2); -2, 2x -2 1

2.7 Given that px? + 2px — 5 <0 for all real values of x, determine the set of
possible values of p.

® Two conditions must be satisfied in this question:
(a) px? + 2px — 5 = 0 has no real solutions.
(b) the graph of px? + 2px — 5 is entirely below the x-axis (i.e. has a maxi-
mum turning point).

(a) px? + 2px — 5= 0 has no real roots when

b? — dac <0.

= 4p® —4(p) (-5 <0
4p® +20p <0

4p(p +5) <0,

If f(p) =4p(p+ 5) <0 then -5 <p <0.

(b) px? + 2px — 5 has a maximum turning point when p <0.
Combining these two conditions gives —5 <p <O0.

13
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2.8

2.9

Solve the equation/(4x — 7) +1/(2x — 4) = 1 (where+/ means positive root
only).

® In any equation with square root terms put one square root term on one

side of the equation and all other terms on the other, then square both
sides of the equation.

If\/(4x — 7)+4/(2x —4)=1then/(4x — T)=1 —/(2x — 4).
Square both sides:
4x — 7=(1 —/(2x — 4))*
=1+4+2x —4 —2+4/(2x — 4);
ie. 2x —4=-2,/(2x — 4),
X —2=—4/2x —4).

Square both sides: x* —4x+4=2x —4,
x* —6x+8=0,
x-2)x-4)=0,
x=2or4.

Check both answers in the original equation:

x=2:1lhs.=4/1+4/0=1=rhs.
x=4:1hs.=¢/9 +4/4=5Fr.hs.

Hence x = 2 is the only solution of the original equation.

Note: \/(4x — T) —+/(2x — 4) = 1 would have led to the same values of
x,x=2or4.
In this case both x = 2 and x = 4 would be correct solutions — moral:

always check.

(a) Solve the simultaneous equations x2 — y2 =24 and x — y = 2.
(b) If x2 + 2xy + 3y% = 114 and x* — xy + y? = 19 show that

5x% — 8xy +3y2 =0.
Hence, or otherwise, find all possible pairs of values of x and y.

® (a) x?) —y*=24andx — y=2.

ie. (x —»)(x+y) =24, (1)
x—-y=2. 2)
Substitute for (x - p) into equation 1:
2(x +y) =24,
x+ty =12. 3)

Solve equations 2 and 3 simultaneously:
Adding, 2x = 14, x=7,y=5.



) x2+2xy+3y2 =114 (1)
x?— xy+ y?=19. (2)

The required equation 5x2> — 8xy + 3y? = 0 has a constant term of zero.
So eliminate the constant terms between equations 1 and 2.

Equation 2 x 6: 6x? — 6xy +6y% =114, (3)
Equation 3 — equation 1:
5x? — 8xy +3y% =0.
Factorize:
5x - 3y)x—y)=0, ie. S5x=3yorx=y.
Substitute for y into equation 2:

. 5x
i ===
i vy 3
2
(55
3 3
2 2
X2 0% L X7 g o2 =71,

3 9

x2=9, x=13,y =15
(i) y=x:

x2 —x2+x2=19, x=1/19, ¥ =%/19.

Solutions are: (3, 5);(—3, —=5); /19, v/19); (—/19, —4/19).

2.10 If o and B are the roots of the equation ax? + bx + ¢ = 0, form, without

2 2
solving this equation, an equation whose roots are — and —B—
«

® For equation ax? + bx + ¢ =0,

atf= b

) off =

SNES

For required equation,
« B _rp
o of
- (@+p)(® —af+p?)
of
_ (a+pB) [(a+8)® —3uf]
of

sum of roots =

15



Multiply numerator and denominator by a3:

2
sum of roots = ;b(b—;}ial ;
ca
2 2
product of roots =<a_> (B—) =af= ‘.
8 o a

Required equation is

b(b? — 3ac)x c
Z IR 4+ 2= 0
ca’® a

x? +

or ca®x® + b(b* — 3ac)x +c%a=0.

2.3 Exercises

16

2.1 If o and B are the roots of the equation x? — 3x — 2 = 0, find the quadratic
equations whose roots are

(a) (b) o?B, of’.

b

Qiro

2.9
4

2.2 The roots of the quadratic equation x? — px + g = 0 are « and 8. Form, in
terms of p and g, the quadratic equation whose roots are & + pa?, 83 + pfp?.

2.3 If the equation x*> — gx +r =0 has roots o + 2, 8 — 1, where a, § are the real
roots of the equation 2x? — bx + ¢ =0, and > B, find g and r in terms of b and
c. In the case o = 3, show that g = 4r + 9.

2.4 The roots of the equation ax? + bx + ¢ = 0 are « and B. Derive the results
o + ﬁ = _ _l_) 5 ﬁ = £ .
a a

(You may assume the formula for the roots of a quadratic equation.)

2.5 The equations ax® + bx + ¢ = 0 and bx? +ax + ¢ = 0, where ¢ # b, ¢ # 0,
have a common root. Prove thata +b + ¢ =0.

2.6 It isgiven that f(x)=(x — 1)> —u(x +3)(x + 2).

(a) Find the values of u for which the equation f(x) = 0 has two equal roots.

(b) Show that when u = 2, f(x) has a maximum value of 25.

(c) Given that the curve y = f(x) has a turning point when x = — <, find the value
of u and sketch the curve for this value of u.



2.7 Solve the equation
V3Bx —2)—/(10—-x)=2

(where/ denotes positive root only).

2.8 Solve for a and b the simultaneous equations
a* +pr =13 ab=-3.

2.9 Find a quadratic equation of the form
ax®* +bx +c=0,

R . —4 +
where a, b and ¢ are integers, having —47?3/—5 as one root.

2.4 QOutline Solutions to Exercises

2.1 «+8=3, of=-2.
(a)z-{-z: M=_3; (g <z>:i_=_2
o B off a/\B/ off
Equation: x2+3x -2=0.
(b) o? B+ af? = af(a+ p) = —6; (2B) (eff?) = o33 = --8.
Equation: x2+6x—-8=0.

2.2 atf=p, of = gq.

Sum: o +pat + 82 +ppt=(a® +8)+p(a® +62)
=p(p® —3q)+p(p* — 29)
=2p® — 5pq.

Product: (@ +po®)(B +pB2)=af +pa? (B +a)+pa?p?

. q3 + 2[72([2.

Equation: x2 + (Spg — 2p®)x + ¢® + 2p%¢* = 0.

2.3 22 —bx+c=0: at+f=

x? —gx+r=0
= (@+D+B-1=¢q

b
= :'-{-1
)

(a+2)(B-1)=r
= o —(x+B)+38-2=r.

ba = g=b-VO =8) _  _c. b 33O -8
4 2 4 4
2
Ifa=p, then b2 =8¢ = gy b 07 b,
2 4 16 4
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_ —b—+/(b* — 4dac)

1 . 9
= = _ 2
r q 4’
Le. g* =4r+9.
2 _—
24 ax*+bx+c=0: o= ~btV/@F —dac) 8
2a
a+f= —b +/(b* —4ac) — b —+/(b* — dac) _ :2;
2 a
= b \? (b2 —dac) _ 4dac _ ¢

2.5 Let o be the common root.

ac* +ba+c =0,

ba? +aa+c=0.
Subtract: a?(b — a) + ala — b) = 0.
a#b,soa=0,ora=+1.
Since ¢ # 0, o # 0. Therefore o = 1, givinga+ b + ¢ = 0.

26 f0r)=(x — 1)? — p(x+3)(x+2)
=x2(1 —u) —xQ2+ 5w+ 1 — 6u.
(a) f(x) =0 has equal roots.
Q2+5u)? —4(1 — w1 —6u)=0
= u?+48u=0,u=0o0r—48.
BYu=2,{(x)=—x2 —12x — 11

= _(x + 6)% + 25.
f(x) has a maximum value of 25 when x = —6.
(¢) f(x) has a turning point at x = Q2+5w)
2(1 — )

Givenx=-% = u=-1,
f(x)=2x* +3x+7=2(x+3) + % .

fx) A
16 4

2.7 /(B3x —2)=2+4/(10 — x).
Squaring both sides gives x — 4 =+/(10 — x).
Squaring again yields x> — 7x + 6 =0,x =6 or 1.

Check Whenx =6,4/16=2+y/4. Whenx =1,4/1#2++/9.

Therefore x = 6.

2a



lv—-

2.8a% +2ab+b? =%,s0a+b=1%.

Also, a> —2ab+b* =%, s0oa - b=13.
a+tb=%,a—b=% = a=%b=-
atb=-%a-b=3 = a=1,b=—-
a+b=%a-b=-3% = g=-1,b=2
a+tb=-%a-b=-% = a=-3b=

2.9 Roots are conjugate, _ﬂ%?)l/S and i;43,l5 .

29
16

0 = 16x2 +32x — 29 =0.

Sum = -2, product =
Equation: x* + 2x —4%

IN
oho |



3 Progressions

Arithmetic and geometric progressions and sums to # terms. Sum to infinity of a
geometric series. Use of X notation.

3.1 Fact Sheet

20

(a) Arithmetic Progression

e First term a, common difference 4.
nthterm=a+ (n — 1)d.
Sum of n terms =n(2a + (n — 1)d)/2
= n (first term + last term)/2.
Three terms p, ¢ and r are in arithmetic progression if p +r = 2q.
The arithmetic mean of p and ris (p +r)/2.

(b) Geometric Progressidn

First term @, common ratio r.

nth term = ar" 1.

a(l—r") _a( - 1)

® Sum of n terms S, = 1 1

Sum to infinity exists if 17l <1or—-1<r<1:

Three terms x, y and z form a geometric progression if xz = y2.
The geometric mean of x and z is\/(x2).

(c) Z Notation

n .
® 7% means the sum of all terms of the form #* from 1¢ to n®, wheren is a
r=1

positive integer.

n n n n n n
® Sart=aXr?, S(ar? + br+c)=aZr* + bZr + cZ1.
r=1 r=1 r=1 r=1 r=1 r=1
n
® Xl=n
r=1



(d) Useful Resuits
n
e Tr=n(n+1)2.
r=1

T Ma

rP=nn+1)Q2n+1)6.
1

o I3 =nt(n+ 1)2/4.

r=1
Note: The letter r is often replaced by i.

® Sum of an arithmetic series

M

l[a+ (- 1)d] =an+d§(i— D).
i=1 i=1

® Sum of a geometric series

n . n .
Tar! =aqXrit,
i=1 =1

® Change of limits

n atn
Sr+a)= Zvr
r=1 r=a+l

n n m—1
2f(n= §lf(r) - §lf(r).

3.2 Worked Examples

3.1 The sum to infinity of the geometric seriesa + a® +a® + ... (a #0)is 4a.

The common ratio is

4. 2. 3. 1.
A337 B939 Ca49 Ds49

® Sum to infinity = IL .
a

Butr=a = 4q=
1—a

= 4g®> —3a=0 = a(da—-3)=0

= g=0or3.

Buta#0 = a= 3.

= 4a—4a® =a

Answer C

3.2 An arithmetic progression has first term a and common difference d. Its fifth
term is 59 and the sum of its first 30 terms is four times the sum of its first

10 terms. Find the values of @ and d.

21
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e Fifth term of an arithmetic progression: ¢ + 4d = 59. (1)
Sum of first 30 terms = 30(2a + 29d)/2 = 30a + 435d.
Sum of first 10 terms = 10(2a + 9d)/2 = 10a + 45d.
Hence 30a + 435d = 4(10a + 45d).
.. 10a = 255d = 2a=51d, (2)
From equations 1 and 2,2 =51 and d = 2.

3.3 The first three terms of a geometric progression are 6,%, £
State the common ratio and show that the sum to infinity is 6.75.
Find the least number of terms required to make the sum exceed 6.7499.

2
® The common ratio is %, ie.d = r=1%.

a 6

l-r 1-%

Sum to infinity S.. = =6.75.

(1 -ry=8.[1-)].

Sum of n terms S, = 1

When S, > 6.7499, 6.75[1 — ($)"]1> 6.7499,
6.75 — 6.75 ()" > 6.7499,
0.0001 > 6.75(3)".

Multiply by 104 x 9": 9" > 6.75 x 10%.

Take logs: n log 9 >log (6.75 x 10%),

4.8293
0.9542

n > 5.0611.

Hence the least number of terms required is 6.

3.4

(a) An arithmetic progression is such that the sum of the first n terms is 2n? for
all positive integral values of n. Find, by substituting two values of n or other-
wise, the first term and the common difference.

(b) The first term of a geometric progression is 20 and the sum to infinity is 40.
Find the common ratio and the sum of the first 10 terms.

® (a) S, =2n2.
S, =u, +u, +us +...whereu, etc. are the terms of the series
S, =uy, S, =uytu, = u; =8, -8
S, =2(1)% =2, ie. first term = 2.
S, =2(2)* =8, i.e. second term = 6.
Common difference =u, —u; = 4.

L ie.d0= 20 = =1
1-r

_ a
(b) S.. = I

i.e. common ratio = 3.
S0 =40[1 — ($)°] =552
Hence the sum of the first 10 terms = 345



3.5 Given that the sum of the first 2 terms of a geometric progression is 16 and

the sum to infinity is 18, find the possible values of the common ratio.

® [f the first term is ¢ and the common ratio is r then

S, =atar=a(l +r)=16,

From equation 2,a = 18(1 - r).
Substituting for @ in equation 1,
18(1 =N (l+r=16 = 9(1 -r?)=8,

2 — - +1
9r° = = r=%3.
Hence the common ratio is + 5.

3.6 By using an infinite geometric progression show that 0.6524, i.e.
0.65242424 .. . is equal to 3332

® 065242424 ...=0.65+0.0024 +0.000024 +. ..
=0.65+24(107%4+ 10"+ 10" 8 + .. )).
1004 +10°°+...isaGPwitha=10"% andr = 107 2.

fgp= 1070
Sum o ’mz—)"ggoo

Hence 0.6524 = 167% + g = _3,_1,(5)3

3.7 Find. in terms of n, the value of Z_I r* +2N.

r=1

o S(R+2)= T4+ XY

r=1 r=1 r=1
_nr+t1)@n+l) +(2422+23+...27)
6
_n+H@ntl) 22" =1
6 21
_nmr+1)@2n+l) +2(2" 1)
: :

3.8

(D

)

(a) The sum of the first n terms of a series is 1 — (3)". Obtain the values of the

first three terms of this series. What is the sum to infinity of this series?

(b) The rth term of a series is 2" + 3r — 2. Find a formula for the sum of the first

n terms.

® (a) IfS, =u, tu, +...tu,,

then §; =1 f%; U =%.

- N — . =
S2—1*T%_167 U, =8, —8y; uz—'%-
_ 1 _ 63, - . _
Sy =1 -3 =% uz =83 —S;; U3—334_-

23



Hence the first three terms of this series are
%, f’g and ?,32-
This is a GP with first term 3 and common ratio .
Se =)/ -)=1.
(This could also have been deduced from the limit of S, as n = ©0.)

(b) rth term u, = 2" + 3r — 2.
u; =21 +3(1) - 2, uy, =2% +3(2) -2, etc.

n n n
22" +3r - 2)= Z2"+3%Zr - 2Z1.
1

r= r=1 r=1 r=1

!

Sn

= 22" 1) | 3n(n+t1)

2n
2-1 2
3n? n
=2n+1_2+_____
2 2
=2n+1 + (3722_’7—4) .
2

Bn—-4Hn+1) '
2

Sum of first # terms = 27 *! +

3.3 Exercises

3.1 The first term of an arithmetic progression is 17, and the sum of the first 16
terms is —16. Find the sixteenth term and the common difference of the progres-
sion.

3.2 Starting from first principles, prove that the sum of the first n terms of a
geometric progression whose first term is ¢ and whose common ratio is r
(wherer+ 1) is

a(l —r")
(I-r

The first and second terms of an infinite geometric progression are 16 and 8 res-
pectively. Show that the sum of all the terms after the nth term is 257,

3.3 Write out in full the terms of the series
3
NGRS .
-1y {—) X
2V
i=0

3.4 By using an infinite geometric progression, show that 0.4234, i.e.
0.42343434 .. is equal to 3%,

n

3.5 Evaluate Z(3r + 2)2.
1

r=

24



3.6 The sum of the first twenty terms of an arithmetic series is 45 and the sum
of the first forty terms is 490. Find the first term and the common difference.

3.7 1If p, g and r are three successive terms of a geometric progression show that
log p. log g and log r are three successive terms of an arithmetic progression.
(p. q, and r are > 0.)

3.8 The sum of the first # terms of a series is given by S,, = 16n — n?. Show that
the terms are in arithmetic progression and find the tenth term.

3.4 Outline Solutions to Exercises

16(17 + 16th term)
2

—2 =17+ 16thterm = 16thterm=—19.
~19=17+15d = d=-4

3.1 a=17; —16=

32 S,=atar+tar*+... tar" !,

rS,=  ar+ar*+...+ar ' +ar.
Subtracting, S, (1l —ry=a—art =a(l — ")
1 —7")
S = a(l —r")
" 1 —r
1\n
a=16’r=%, = Sn___ 16[11_(1) ] =32_32(%)n.
-2
Sw = —6—1 = 32.
-3
Sum of all the terms after nth term = S.. — §,, = 32(3)",
=25-n,

3 .
I AR i=*0_1)0 _ 1(2),1 _2<§>2
33 Z;( 1)<3i_1>x (—1) (_1)( +EDH (S )t (D)
4
+(—1)3<—>x3
8

=1 —x+3x2 —1x3.

34 04234=%+34x107%+34x 1076 +. ..

4, 34x107%
BT
42 34 _ 1048
10

o + 9500 — 2475 -

25
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35 E(Gr+2)2= K97 +12r+4)= 95,2 + 1257 + 4n

r=1 r=1 r=1 r=1
=9nm+1H2n+1)/6+6nn+1)+4n
=n3n+1HCn+H+12n+12+81/2
=n(6n? +21n + 23)/2.

3.6 45=10Q2a+19d) = 9 =4a+ 38d,

490 =20Q2a+39d) = 49=4a+78d.
Equation 2 — equation 1: 40 = 40d,
Ld=1l,a=-%.

3.7 pr=gq? for three terms in GP.

Take logs: logp + logr=2logg.

Butx, y and z are in AP if x +z = 2y.

Hence log p, log g and log 7 are successive terms of an AP.

3.8 S,=16n—n%: S, (=16(n—-1)—(n—1)2.

u, =[16n —n?] —[16(n—1)—m —1)?]1 =~ 2n+17,

u, (=2 - +17= 2n+19;

U, —u,_  =—2 = common difference is —2, i.e. the terms are in AP.

U= 20+17=-3.

(1)
(2)



4 Binomial Expansions

4.1

The use of the binomial expansion of (1 + x)?, when
(a) n is 4 positive integer.
(b) 1 is rational and x| <1.

Fact Sheet

(a) If n is a Positive Integer:

Qv =l4ne+ "0 Dy nr DR =2) 5y n1

(1(2) C(H(2)3)

=1+ ,Cix+,Cx* +,C3x3+ .. +,Cx"+...+,C_x"" 1 +x"

1+<’;)x+ (’:>x2+<§)x3+..‘+(n>x’+...+( " 1>x"1+x"
P 14 n —

where <”> = c=_m n-D@r-D...a-rtl)
7 r!' (n—r)! rr—D @ -2)...(2) (D

(i) The expansion terminates automatically aftern + 1 terms.
(i1) The binomial coefficients may be speedily determined by Pascal’s triangle:

1
11
121
1 3 3 1
1 46 41
1 510105 1

(iii) (@ + b)Y =a* + na" b + nn - 1) a* :p?+ .. +tnab" ! +p”

(H(@)

"+ (’11>a"1b+ (Z)aHbz ot ( " 1>ab"“ +b"
n _—

§ (n) at-’" b,
r=0\r

(b) If nis NOT a Positive Integer

It

(1+x)"=1+nx+ nn-1) 2 nln-Din- Dy if [xI<1.

(1(2) (1)(2)(3)

This series is an infinite series. which can only be used when Ix[ <1,
e, 1 <x <+l
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(c) Particular Series:

(1+x)t=1—-xv+x2—x3+...
(1 -xylt=1l+x+x2+x3+...
(1+xy2=1-2x+3x% —4x3+...
(1 =x)y2=1+2x+3x2 +4x3+...

4.2 Worked Examples

4.1 Find, and simplify the middle term in the expansion, in ascending powers of
x,of (3 — 5x)8.

® The middle term of (a + bx)" is the term containing x"? (n even).
The middle term is the Sth term and contains (—5x)*.

Middle term is (i) (3)* (—5x)%.
8x7x6x5
ie. —— -~~~
1x2x3x4
ie. 70 x 81 x 625x*4,

i.e. 3543 750x%.

x (3)* x (=5)* xx*

4.2 Obtain the term independent of x in the expansion of (3x — 1/x2)!5 leaving
the answer in terms of factorials.

E 3 Ly 3 {1 LA
° - = .
Xpress ( X 2) as (3x) ( 3>

=3)F () (1 - $x7)e.
15 15 4
The expansion of (1 — lx‘3) = Z (15)(— lx“3> .
3 e \r 3
The required term of this series must contain (x)™*5,
ie. (x 3y =x"15, r=5.

5
Therefore the term independent of x is 315 x1° (15 ) (« %) x5,

5
je, 315 15t (0 l)s
105\~ 3)°
_ 31075

ie.
10! 5!

4.3 Use the binomial expansion to find a quadratic approximation for

1 I
(1+20)13 (9 —4x)3?
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where x is small enough for terms in x® and higher powers to be negligible.

o m = (1 +2x) /3

( 3)( 3)(2)(.')2

= 1
=l+(-3)@x)+ e

=1-2x+3%x2 4+, .. if 12x1<1,ie IxI<3.

. higher powers of x.

When the power is fractional or negative, remember to make the first term

in the bracket equal to 1.

1 1 _ (= Fx)¥?
(9 —4xyP2 92 (1 —$x)7* 27 '
B C3y(—3 1y (— %2
5 (1 —%x)3% =4 [l +(—%)(—%x)+( 2) ( (21)(2))( 9x)" |
= (1+3x+18x2 4+ ) if 1Exl<1,ie Ixl<$.
Hence
1 1 - 2x+8x + &x
~ 26 5 + £38,.2
~ 27 729

Taking the smaller range of x, series is valid if | x| < 3.

4.4 Given that f(x) =

x
(1-x)(1 - 2x)?
1 _ 2 + 1 .
(1 —x) (1-2x) (1 —2x)?

» show that f(x) can be expressed as

Hence, or otherwise, find the first three terms in the expansion of f(x) in
ascending powers of x. State the range of values of x for which the expansion

is valid.

| 2 1
— +
(I1-x) (1-2x) (1-2x)?

_ (=22 —2(1 —=x)(1 = 20) + (1 —x)
(1 —x)(1 — 2x)?

_ 1 —4x+4x? —2+6x —4x®+1 —x
(1 —x)(1 — 2x)?

® fLetg(x)=

= X .
(1 —x)(1 = 2x)?
Hence g(x) = f(x).
So f)=( —x)"' =201 —2x)7 1 +(1
By the binomial expansion,

— 2x)"2.

29
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L+ D+ EDED ey

(DH(2)

l+x+x2+x3+.. . valid for—1 <x <1.

(1 - x)!

(1 — 2x)~! may be written down directly if x is replaced by 2x in the
expansion of (1 —x)~!.

2L =2x)"1=2[1+Q2x)+ (2x)* + (2x)® +...]
=2+4x +8x? +16x3 +. ..
valid for —1 < 2x < 1, thatis — 3 < x <4.

)2 = Cav( CEDE3) e, CD)ENED) s
(1 - 2x) 1+(=2)(-2x) + B0 (--2x)* + ﬁ(l)(Z)B) (-2x)° + ...

=1+de+ 1262 +32x% +. .. (valid — 5 <x< 7).

Hence
fOy=(1+x+x2+x3+..)—Q+4x+8x2 +16x3+..))

+(1+4x+12x2 +32x3 +. . )
=x+5x2+17x3+....

This is valid when —1 < x <1 anp — 5 < x <3.
that is, when — 3 <x <3.
4.5 Find the expansion of (1 — x + 2x2)¥2 yp to and including the term in x?.

® (1 —x +2x?)"2 must be expressed in the form (1 +z)",
where z = —x + 2x2.

By the binomial expansion:

[+ G2 =14 () (xe2xtys DED (L pap

(H @)
1 1 3 1 1 3 5
+ DEDED (x+242) + @DEDED-3) (cx +262) +. .
1 2)3) M@ @

=145 (—x+2x3) —g(-x +2x2) + 5 (—x +2x2) — g (cx + 2x3)* + ..

Now, (—x+2x?)% =x? —4x3 +4x*

(—x+2x2)P =(—x)P +3(=x)? 2xDH)+...=—x3 +6x% + ...
(—x+2x)=(-x)*+...=x%+ ...
Therefore

(1 —x+2x%)1/?
Sl-osx+x? —5(? — AP At ) A (P rext rL )y (P 4L )+. .
=1+ (1 g+ G -1e)x® +(—5+% — dgx* +...

1 7 7 21
=1 —7x+§x2+1—6x3 *mx4+....

4.6 Find the exact value of /7 + 2)* + (/7 — 2)* and hence find the value of
the integer n such that
n<G/T+2)* <n+l.



® (VT+2 =(/T* +4G/T)3(2) + 66/T)*(4) +46/7)8) + 16.
WT - DF =6/ - 4G/ TP+ 66/T) (@) — 44/T)(8) + 16.
So/7T+2*+ (/T - )* =2[/D* +6G/7)*(4) + 16].
&P =7,4/T* =49.

Hence (/7 +2)* + (/7 — 2)* =2[49 + 168 + 16] = 466.

Since 2 <4/7 <3, subtracting 2 from each part gives
0<y/7T-2<1=20<(/7-2) <1

Hence /7 + 2)* lies between 465 and 466, i.e. n = 465.

5

om0 1) 2 o () 2
onsider {x+ — | =x3+30)? () +3x) =) +| -
X X X X

1
3

4.7 Ifx+ 1. t, express x3 + L and x° + 1 in terms of ¢.
X X

=x3+3x+ = +

=W

Since the binomial coefficients are symmetrical, these terms may be paired as

(x%t%) +3(x+ 1).
X X

3
Therefore <x+ 1) = ¢3 = <x3 + %) + 3¢

X X
= x3+—1; = 13 — 3t
X
Similarly,
1N\ _ a1 L[ 1\? (1) 1N /18
x+ =) =x>+5x) [~ ) +10x){~) +10x)* (=] +5() (=) +[ 2
X X X X X X
=x5+5x3+10x+19+i3 +—15
X X X

= (x5+‘15~> +5(x3+—13> +10(x+ 1).
X X X

Therefore ¢° = <x5 + ’1{) +5@% -3+ 10¢
x

= x5+71? =75 — 53 + 5¢.
X

4.3 Exercises

VLX)

4.1 Express e in ascending powers of x up to and including the term in
X

x3. By substituting x = %, show thaty/5 ~ 3837,
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4.2 Show that the exact value of (7 + 34/5)* + (7 — 34/5)% is an integer. Hence,
find two consecutive integers n and n + 1 such that n <(7 + 3\/5)4 <n+l.

4.3 1\ 15
(a) Expand and simplify (x + —> + [ x — ~——) .
3x 3x
1\* 1\3
(b) Find the coefficient of x* in the expansion of (X + §x> (x — ?x) .

4.4 State the binomial expansion of (x + y)°, giving the coefficients as integers.
Given that x + y = p and xy = ¢, express x> + y° in terms of p and q.

4.5 Find the values of the constants a and n so that the expansions of
2 \4
(1+3x+%—> and (1 +ax)"

agree as far as the term in x2. For these values of a and n, determine the difference
in the coefficients of the term in x2 in the expansions.

4.6

(a) Find the expansion of (1 + 2x + 3x?) in ascending powers of x up to and
including the term in x3.

(b) Calculate the coefficient of the term, independent of x, in the expansion of

12
(b
X

4.7 Verify that f(x) = a_ x)9(1 ¥ 20)? may be expressed as
foy= 1o+ 24 6
i—x 1+2x  (1+2x)

Hence show that f(x) =9 — 27x + 81x2, when x is sufficiently small to allow x3
and higher powers of x to be neglected.

4.8 Given that |3x3| < 1, write down the first four terms in the binomial
e3xpansion of (1 + 3x3)3 in ascending powers of x. By putting x = 0.2, estimate
v/2 to five decimal places.

2 3
)~1+x+1_ + X
2 3

P

1 +x
I —x
By suitable choice of a value for x, prove that

V5~ B

4.9 Prove that, for |x1<1, (



4.10 The numberscy, €y, Ca, - - -, C, are the binomial coefficients such that

(1+x) =cyg e x+ex2 tegx? +.. . +e,x".

Prove that
(a) coteptegt...tey, =220

(b) cot2c;+3¢c,+...t(n+t1c,=2"+n2"1.

Cle ke, — ¢ E -
() c¢o 2Cy 3C2 i1 Cp nt
4.4 Qutline Solutions to Exercises
41 (1+x)0M2=1+3x —gx2+&x3+. .. for Ix|<1.
(I—x)T=1+x+x2+x3+... for Ix!1<1.

V(1 +x
Hencel/! =1 +3x+8x2 +283 + .

— _ 3 1 2
Whenx—%,T—1+§+%2—8+ﬁgj+....
4 _ 1519

= 1024
3 (1519, _ 4557
Hence /5 ~ % (1523) = 2035

4.2 (7 + 35 =7% + 472 (35 +6(7)* (B/5)? +4(7) (3y/5)° + (3v5)°*
(7 =35 =7 — 4(7) (3/5) + 6(7)* (3+/5) — 4(7) (3y/5)° + B/ 5)*.
Hence

(74 3/5)* +(7 - 3/5)* =2[7* +(6)(49)(45) + (81)(25)] =35312. (1)
Now 36 <45<49 = 6<3/5<7 = -—1<@G3/5-7<0.
Multiply by —1 (inequalities reverse):

0<(7-3/5<1 = 0<(7-3/5<1L

Hence (from equation 1)

35311 <(7+3y/5)* <35312 = n=35311.

4.3
I\ _ 5.5 . 10x . 10 5 1
+ =x>+— 4+ = + + + ’
(@) (x 3 ) 3 9 27x  8lx®  243x°
5 3
(x — __1_ ) = xs _ ,Si_ + lo_x — ﬂ + 5 — l .
3x 3 9 27x  81x3 243x5
5 S
=> (x-{-L) +<x_i_) =2x5+4)2€_+ 10 .
3x 3x 9 81x3
(b) (x+_1>4=x4+‘ﬂc3+3+ A
3x 3 3 27x%*  8l1x*
1y, 1 1
_ —— = — + — -
(x 3x) YU T e
Therefore coefficientof x® is4 -4 +2=_1
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4.4 (Y +3) =x% +5x%p + 10x3p2 + 10x%p3 + Sxp® + 5
So NS = (v +p)S - Sxp(xd +y3) — 10x2y2(x +y).
But X 4pd=(v ) S 3xy(xty) =p* —3gp

= XAt =pt = 5q(p° - 3pg) ~ 10¢7p =pS — Spq + 5pq*.

Il

2\ 4
4.5 <1+3x+ 3%)

2 2\2 2\3
I+4<3x+ 3_X«> +6<3x+ 3%) +4<3x+ 3%) +...

2

-

9}
(1 +ax)" =1+nax+“—n(n iy, a*x? + nn—1)n—2) 33,

(1X2) (I(2)(3)

Equating coefficients of x: 12 = na.

_ 2
Equating coefficients of x2: 6 + (6)(9) = nln —a”

Solving:a=2,n=6.
x3 coefficients are respectively 162 and 160. Difference = 2.

4.6
() (1+2x+3x2)5 =1+502x+3x2)+ 10(2x + 3x%)2 + 10(2x +3x2)3 + ...

=1+ 10x+ 15x% +40x% + 120x3 +...+80x3 +. ..

1+ 10x +55x2 +200x3 +. ...

1 12

21
The term independent of x has coefficient |,Cy = 53_7 = 4965,
1 2 6 (T +2x) + 200 —x)(1+2x)+ 6(1 —x)
4.7 + + =
I —x 1+ 2x (1+2x)? (1 —x) (1 +2x)?
= 9 .
(1 —x)(1+2x)?
Now, 1 =l+x+x2+x3+... (provided Ix!<1),
(1 —-x)
9
g +~2x) =2(1 = 2x+4x? —8x3+..) (provided 12x1< 1),
and ——6———7= 6(1 —4x+ 12x2 —32x3 +..)).
(1+2x)*
Hence

f(x) =9 —27x + 81x?* + higher powers of x  (if [2x1< 1, ie. Ix1<d).

48
1 1 2\(3x3)? 1 2 5\ (3x3)3
1+33”3=1+—33+—(_—>—+——_ -z +...
(1+3x7) 3 57 (3) 3) 2 30U 3/)\73) 05
=1+x3—x6+%x9 — ... (validif 13x31< 1),



1 3 \1/3 (128)”3 <27>1/3 4 3
Putx=02=1. [1+ _ (128N (2TNVP 4 s,
utx 5 ( 125) 125 53 :V

But from the series,

1/3
(1 + 3
125

1 +(0.2)° — (0.2)5 + % 0.2)° — ...

1 +0.008 — 0.000064 + 0.000000853 — ...
=1.0079369.

l

Thus /2 = % (1.0079369) = 1.25992.

Work to two more places of accuracy than required.

4.9

oo (YT DT
e (D0 (D (D

So
2 3 2 3
(1 +x)2(1 — x)~'1 =<1 T +i+...>< P X X +>
2 8 16 2 8 16
2 3
sl4x+ o+ X4 (G Ixl<).
1 2 2
Try x = —. Then
9
L+ 3\ (10)1/2 I
i = [ = = _ 5
(1 —x) 8 2\/
Intheseries 3+/5S=1+5+ g + g +...
Hence NEER 3
4.10
(a) (1+x)*" =cotex+...+tcy,x™".
Letx=1, 22" =¢y+tc, +...+Cyp.
Letx=-1, 0 =cq—c; +...+¢Cy,.
Add and divide by 2: 2%l =¢o+cy, +.. .ty
(b) (1+x) =co +cyxtex? +. . +c,x". ()
Differentiate:
n(l+x)y""'=c, +2c,x +3c3x? +.. . +nc,x"" 1. (2)
Let x = 1 in equations 1 and 2 and add:
2" + (M) 2" Y =y + 20, ¥ 3¢, ...+t De,.
(c) Integrate:
nt1 2 3 n+1
A+ x)™7 =cox+c1§— +62£~+...+C"'x + K.
n+l 2 3 n+l
1
Letx=0=K=——-
n+l
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Letx=-1

Hence ¢4 —

= 0= —¢o +

€14y

<

GGy, ED"en, 1
2 3 n+1 n+1
.+(~_1)nc"= 1 .

n+1 n+1




5 Partial Fractions

Partial fractions, to include denominators such as
(ax + b) (ex + d) (ex + f), (ax + b) (cx + d)? and (ax + b) (x? + ¢?).

5.1 Fact Sheet

If the degree of the numerator is equal to or higher than the degree of the denom-
inator, the numerator must be divided by the denominator until the remainder is
of lower degree than the denominator.

(a) Linear Factors

£(x) -4 . B . C
ax +b)(ex+d)(ex + f) (ax+b) (ex+d) (ex+f)

(b) Repeated Factors

f(x) =_4 + B_ . ¢ .
(ax + b) (cx + d)? (ax +b) (ex+d)  (ex +d)?

(¢) Quadratic Factors

(ax+b) (x> +c*)  (@x+b) (x2+c?)

f(x) _ A + Bx+C

To find the constants A, B and C. Put all the terms on the right-hand side over the
same denominator as the left-hand side. Equate the numerators. Equate the
coefficients of the powers of x and/or substitute well chosen values for x.

Partial fractions are frequently combined with the binomial series, differentia-
tion (page 151) or integration (page 177).

Particular binomial series:
(I1+x)P=1—x+x2 —x3+x% — ... valid for 1 <x <lelxI<l1,
(1+x)"2=1—-2x+3x2 —4x3+... valid for —1 <x <l e IxI<].
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5.2 Worked Examples

5.1 Express 3+x in partial fractions, and hence, or otherwise,
2 —x) (1 +2x)
obtain the first three non-zero terms in the expansion of this expression in

ascending powers of x..
State the range of values of x for which the expansion is valid.

® Look at the denominator—both factors are linear, need numerators A and

B.
F(x) = 3+x = A + B

2 —x)(1+2x) 2 -x 1+ 2x

___:A(1+2x)+B(2~—x)_
2--x)(1+2x)

Equating the numerators: 3+x=A(1 +2x)+ B(2 — x).
Putx=2: =54 =A4A=1.
Putx = — +: 22 =2iB=B=1.
Hence f(x) = 3tx S + !

20 (+2%) 2 x 1+2x

= 1 + 1
201 —x/2) 1+2x

=3(1 —x/2) +(1+2x)7L.

By the binomial expansion:
1A —x/D) =30 +x2+ /22 +(x/2® +..)
(valid for —1 <x/2 <1 = -2<x<2),
(1+2x) ! =1 —-2x+(2x)* —(2x)* +...
(valid for -1 <2x <1 = -3<x<3).

Adding gives:
fx)=3+x/4+x?/8+x3/16+1 ~ 2x +4x? —8x3 +. ..
=3/2 - 7x/4 + 33x2?/8 to the first three terms.

Validity is given when both conditions are valid—the smaller interval is
taken.

Series is valid for — 3 < x < 7.

x3+2x? —x+3 . . .
: ~ in partial fractions.
(x+2)(x —3)

5.2 Express

® Compare the orders of the numerator and denominator. Since the numera-
tor is of order 3 and the denominator of order 2 a long division must be

carried out first:
x+3
x?—x—6)x3 +2x2 - x+3
x3 — x? —6x
3x%2 + 5x+3
3x? — 3x - 18
8x + 21.
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.\‘3+2.\‘2~.\'+3=x+3+ 8x+21
(x+2)(x -3 (x+2)(x—3)
Let 8x + 21 = A + B

x+2){x-3) x+2 x-—3

_ A(x —3)+B(x+2)
(x+2)(x —3)

Equating the numerators:
8&x +21 =A(x — 3)+ B(x + 2).

Put x = 3: 45 = B(5), B=9.

Put x = — 2: 5=A(-5), A=-1.
3 2

Therefore X*+ 2% —x+3 =x+3- oy 2 .
x+2)(x—3) x+2 x-3

5.3 Expressx3 — 3x? — 18x + 40 as the product of three linear factors.

9% — 72 .
Hence express in the form of
PTES 3 3x2 —18x + 40 ©
A B C .
+ + > wherea, b, ¢, A, B, C are numbers to be determined.

x—a x-—0b x—c
® Find the first factor by the factor theorem.

Let f(x)=x3 —3x? - 18x +40.
Trying the factors of 40 as values of x:

f(1)=1-3-18+40#0 = (x — 1)is not a factor of f(x).
f(2)=8—-12-36+40=0 = (x — 2)is a factor of f(x).
f(x)=(x —2)(x?> —x — 20)

=(x—-2)(x —5)(x+4).

Hence x® —3x? — 18x+40=(x —2) (x — 5) (x + 4).
%x-72  _ A4 , B , C
x-2D)x-5x+4) x—2 x—35 x+4

= Ax =S5 x+D+Bx - x+4)+Cx —2) (x - 5)
x-2)x—-5Kx+4

Equating the numerators:
I —7T2=A(x —5)(x+4)+B(x -2)(x+4)+C(x — 2) (x — 5).
Put x = 2: 18 = 72=A(-3)X6), —-54=-184; A=3.
Putx = —-4: -36 — 72 =C(-6)—-9), 108 = 54C; C=-2.
Putx =5: 45 - 72 = B(3)9), —27=27B; =—1.

9x — 72 _ 3 | 2

x3 —3x2 - 18x+40 x-2 x—-5 x+4

Hence

4x — Tx+3
2-x)(1+x?

5.4 Express f(x) = in partial fractions.

Expand f(x) in ascending powers of x as far as, and including, the term inx3.
For what values of x is this expansion valid?
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® Look at the denominator: one factor is linear and needs a numerator A4,
one is quadratic and needs a numerator Bx + C.

4x? —Tx+3 = A _Bx+C

Q2 —-x)(1+x%) 2—x 1+ x?

A(1+x2)+(Bx+C) (2 -x)
2-x)(1+x?) '

f(x) =

Equating the numerators:
4x? —Tx+3=A1 +x*)+(Bx +C) (2 — x).

Put x = 2: 16 —14+3=4(1+4) = 54=5A4A=1.
Putx =0: 3=A1)+CQ2) = C=1.
Putx = 1: 4 -T7+3=4A(1+DH+B+O ()

0=24+B+C = B=-3.
Alternatively, compare coefficients of x2: 4=4 — B = B=_3.

1 + 1 —3x
2-x) (1+x?)

Hence f(x) =

-1 2 3
1 = 1 =l(1_£ .—.1(14—5 +x_+_'_x___+”‘)
2-x 2(1 —x/2) 2 2 2 2 4 8

(valid -2 < x <2),

s = (I+x?)yt=1-x2+x% - .. (valid —1 <x <1).
I +x
f(x)=l<l+35+x—2 N +(1 - 3x) (1 —x? +x* )
2 2 4 8
2 3
SR UL S A T N
2 4 08 6
=3 - Hx -3+ B3

The series is valid when —2 <x <2and -1 <x <1.
Taking the smaller range, —1 <x <1.

16x2 + 8x
(1+x)(1+3x)(1+ 5x)
ing the term in x3.

5.5 Expand in ascending powers of x, up to and includ-

® All factors of the denominator are linear — need numerators 4, B and C.

16x* + 8x - 4 . B . C
A+x)(1+3x)(1+5x) (+x) (1+3x) (1+5%)

= A0 +3x) (1 +5x)+B(1 +x) (1 +5x) + C(1 +x) (1 +3x)
(1+x)(1+3x)(1+5x) '
Equating the numerators:
16x2+8xEA(l+3x)(1+5x)+B(1+x)(1+5x)+C(1+x)(1+3x).
t 16 —8=A4A(-2)(—4) = A=1.
Putx=-3: ¥ -5$=B$(-%),-8=-48 = B=2.
T8 =0c@)@) 24=8C = C=-3.

f(x)=




1 + 2 3
1 +x (1+3x) (1+5x)

(1+x) ' +2(1+3x)" - 3(1 +5x)°!

(1 —x+x%2—x3..)+2[1 —=3x+(3x)? - 3x)3...]
—3[1 = (5x)+ (5x)* — (5x)% .. ]

1 —x+x2 —x3 ... +2-6x+18x2 —54x3 . ..

oo — 34+ 15x - 75x% +375x% ...

8x — 56x2 +320x3 +. ...

f(x)=

f(x)

9x
(1+x)(1 — 2x)?
Hence, or otherwise, find the first three terms in the expansion of the
function in ascending powers of x.

5.6 Express the function as the sum of three partial fractions.

® Notice that one of the factors is a repeated factor = there must be three
fractions, denominators (1 + x), (1 — 2x) and (1 — 2x)2.

ox 4 B c
T ol -2 +x (d-20 (1-2x7°

_ A0 —2x)? +B(1+x)(1 - 2x)+C(1 +x)
B (1+x) (1 = 2x)?

Equating the numerators:
Ox=A(1 —2x)> + B(1 +x) (1 — 2x) + C(1 +x).

Putx=—1: —9 = A(3)? = A4=-1.

Put x = 4: 2=C3) = (C=3.

Put x = 0: 0=A+B+C = B=-2.

Hence x = 3 — 1 — 2 .
(1+x)(1 —2x)? (1 — 2x)? (1+x) (1 —-2x)

3

T = 3(1 —-2x)"?
(1 —-2x)2 ( ’

3[1 —2(=2x) + 3(—2x)% —4(—2x)® +...]
3+ 12x +36x%2 +96x3 +....

1

R = (1 +x)!
X
=1 —x+x2—x3+....
2 =1 —20!
(1 —2x)
= 201+ 2x+(2x)2 + (2% +.. ]
= 2+4x+8x2+16x3+....
Hence 9x = (3+ 12x + 36x? +96x)

(1+x)(1 —2x)?
— (1 —x+x% —x?)

—(2+4x+8x2+16x3)+...
Ox +27x% + 81x3 +. ...
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5.7 Write 3+ L 4 as a single fraction. Hence express

x—-2 x+
N 3‘.\'2 -7 . B C
f(x)= (“{T:;\'i& in the form 4 + Y _2 + x+3

stating the values of the constants A, B and C.
Sketch the graph of f(x), paying particular attention to the values of f(x)
nearx = 2, x = —3 and when |x!is large.

® As asingle fraction:

3+ 14 _3x -2 (x+3)+I1x+3)—-4x—2)

x—2 x+3 x—-2)(x+3)

3x2 +3x — 18+x+3 —4x+8
(x—2)(x+3)

3x2 7

(x-2)(x+3)

3x? -7 3x% -7
H fx) = B
ence (x) x2+x-6) (x—2)(x+3)
1 4

+ i .
(x—2) (x+3)

=3
A=3,B=1,C=-4.

Stages in curve sketching:

(a) Look at denominator. When this is zero the function is undefined and
there is an asymptote.

(b) Put numerator = 0. This gives points of intersection on the x-axis.

(c) Let lx |- oo,

(d) Find the point(s) of intersection with the y-axis.

fx) |

f f
-6 -5 -4 -3 =2/ -10 1

——— e N — —f————— — — — ———



(a) f(x) is not defined when x =2 and 3. Two asymptotes.
When x = 2.1, f(x) = 12.2, which is large and positive.
When x = 3.1, f(x) ~ 42.8, which is large and positive.

(0)3x2 —7=0,  x=2/(7/3).

(c) As Ixl = o0 f(x)— 3. Trying a large value of |x|shows that f(x) <3
when x > oo and f(x) > 3 when x & — oo;

(d) Whenx =0, y =Z.

(—1%2_)(5%—3 > express g(x) in partial fractions. Hence
X — X

or otherwise, show that the expansion of g(x) as a series in ascending powers
of x, up to and including the term in x* is

5.8 Given that g(x) =

485 4

5 10 55..2 80..3 | 485
3 — 99X — X *ExT 53X,

® Notice that one of the factors of the denominator is a quadratic. Put the
numerator as Ax + B.
5 —5x _Ax+B = C
Q+xH)(B—-x) 1+x2 3—x

_ Ax+B)(3—x)+C( +x2)
- (1+x2)(3 —x)

Equating the numerators: 5 — 5x = (Ax +B) (3 — x) + C(1 + x2).
Putx=3:. 5-15=C(1+9), = (C=-1.

Putx=0: 5=B3)+C = B=2.
Putx=1: 0=(A+BYQ2Q)+CQR) »> A= _1.

5 —-5x _ 2 —x 1
Hence

A+x)B—x) 1+x* 3—-x

2 —-x
1 +x2

=Q2-x)U+x2)1T=Q2-x)(1 =x2+x*..)

=2 —x — 2x2 +x3+2x% ...

1
3% 30 w3y =3 -x/37
=L (1 +x/3+x2/9+x3/27+x%/81+..)

=3+ x/9+x2/27+x3/81 +x*/243 +. . ..
Hence
gx)=2 —x - 2x2 +x® +2x* —§ —x/9 —x2/27 — x3/81 —x*/243 — ..

_5 10, 552 803, 485 4
ST o ox— xSty xT tagzxT ...

5.3 Exercises

5.1 Express 1 in partial fractions. Hence find the first three terms

(1 —x)(1+2x)
. 1 . .
of the expansion of ————— in: d fx.
pans -0 +20 n ascending powers of x
Find the coefficient of x” and state the range of values of x for which the ex-

pansion is valid.
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5.4

44

Outline

. 7 . . .
5.2 Given that f(x) = , express f(x) in partial fractions.
0= Gy ey SXpresiing
Sketch the curve y = f(x). showing the asymptotes and the points of inter-

section of the curve with the axes.

36 — 2x

5~ In partial fractions.
Cx+1DH(9+x°)

5.3 Express

. 2x? +x —43
5.4 Given that f(x) = ——=
iven that f(x) 130 — 4)
find the first three terms when f(x) is expanded in a series of ascending powers of

x, stating the set of values for which the expansion is valid.

, express f(x) in partial fractions and hence

3
(1+x)* (1 +2x)
hence find the first three terms in the series when g(x) is expanded in a series of

5.5 Given that g(x) =

, express g(x) in partial fractions and

ascending powers of 1 , stating the set of values for which the expansion is valid.
x

5.6 Express —1-—~——in partial fractions.
r(r+1)

n

Hence or otherwise find S, = Z L

rir +1)

and deduce the value of S, as n

tends to infinity.

5.7 Express

3 in partial fractions.
r

n

Determine Z ——2le and hence deduce the sum to infinity.
r

r=2

Solutions to Exercises

1 1 + 2

5.1 = ,
(1 —x)(1+2x) 3(1—x)  3(1+2x)

oyt =l X ) Gf Ix1< 1),

3(1 —x)
2
ESD) =3(1+20)7 =31 - 2x+dx? — L+ (1) Qx) 4. ] (f Ix]<d).
Hence
FO) =51 +x+x2+. . +x"+.. . +2 —4x+8x2 — .. . +2(=2x)" ...]

=%{3—3x+9x2+...+[1—(—2)"+1]x"+...}.
=1 -x+3x2+....

Coefficient of x" =3 [1 — (=2)"*1] (valid if -4 < x <%).



7 3 1

Gx—Dx+2) GBx-1) (x+2)

flx) |

Y
x

;’;/

7

= e 2

36 — 2x _ 4 +Bx+C= 4 . 2x .
2x+1DHO@+x%) 2x+1 9 + x2 2x + 1 9+ x?

2
2x* +x — 43 =9+ 3x - 19

54 f(x)= ==~ "~ =
) x+3)(x—-4) x+3)(x—4)
-7t 4 1
x+3 x—4
Now
4 4 x\ ! 4( x  x* x3 > x
— = |1+ = = {1+ - — +_. fl1=1<1);
x+3 3< 3) 3 379 27 (‘3 )
-1 __1( x)“_l( x  x?  x3 ) ( x‘ )
== [1-= = _(1+Z2+2 +2Z_ + f1=1<1).
x—4 4 4 4 4 16 6 g
4 1 4 1 4 1Y\ _»
=2+ 4+ -+ |- =+ —jx+|{— + — +
Hence f(x) 3 ( 5 16>x <27 64>x
=B 2y (for—3<x<3),
12 144 1728
—6 3 12
5.5 = - - + .
B Ty T a2 Tt
To obtain series in ascending powers of (%) , express " in the form
x

-1
(1 + % ) and then use the binomial.

o=
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Vﬁdmrlw<l = IxI>1 = x<—lorx>Ll.
X

Valid . Not valid . Valid

|

-1
—6 =___6_ ]+l_ ::é(l_l-*-_]_ %-*—%-*—) (fgr
1+x x x x x* x x
-2
_*__3___=:2§(1+l> _,—_23 (l-—2‘—+—3~2—i3+...> (for
(1 +x)? X x X X X X
-1
12 =13@+1J =§<L“L+ L 1“>
1+ 2x X 2x x 2x  4x?  8x3 l6x*
_ 3 15 51 . 1
Hence g(x) = e + B + ... (vahd for - 1<1>.
S S S
rc+l)  r r+l
1 el ] 1
S = L = 1_ 1 -1
" roor+1 ;r r 1 n+ 1

Asn —> oo L =>0,s085, = 1.
n+l

57 L= ! =1(1 J_)
A1 oD+ 2\r=1  r+l

(

1
X

1

X

for

1

2x

<1>.
<1),

<1).



6 Inequalities

The manipulation of simple algebraic inequalities. The function |x L The solution
of inequalities reducible to the form f(x) > 0, where f(x) can then be expressed in
factors: sketches of the graphs of y = f(x) in these cases.

6.1 Fact Sheet

ta) Notation: Inequalities

® If g and b are numbers, represented by points on the x-axis, and a > b,
then a is to the right of b.

® Thus 6> 3 and -6 > 9. b < a
® [fa > b thena is greater than b or equal to b. 1 t
(b) Modulus
® x| may be regarded as the distance from the origin to the point on the
X-axis.
e [2/=2 {-31=3, Ixl=§ = x=S5or--5.

IxI<s = - 5<x<5.
® [f(x)l=f(x)if f(x)is positive and —f(x) if f(x) is negative.
® Iff(x)=x% —4thenf(3)=5, [f(3)I =5,
f(1) =-3, [f(1)l=3.

(c) Properties of Inequalities

® Any quantity may be added to or subtracted from both sides of an in-
equality:
If a>b then atc>b+tc and a-c>b—c

® Both sides of an inequality may be multiplied or divided by any positive

quantity:

If ¢>0 and a>b  then ac>bc and 94>05.

c c
® [fbothsides of an inequality are multiplied or divided by a negative quantity
then the inequality is reversed:

If d<0 and a>b then ad < bd and <

Qla
SRS

(Play safe — never multiply or divide by a negative number.)

® [f inequalities are of the same kind they may be added together:
If a>b»b and c>d then atc>b+d.

® Never subtract inequalities.
(Example: 5> 2 and 4>0 but 5-4F2-0)




6.2 Worked Examples

6.1
(a) Sketch the graphs of (i) y =2 |x — 31, i) y = |x? — 41,
(b) Find, in each case, the set of real values of x for which
D2x—-—1D=x+2, @21lx-11=2lx+2.

® (a)

(b) (i) Sketch y; =2(x — 1) and y, =x + 2 and find the range of values for
whichy; =2 y,.
From the sketch it can be seen that there is just one range.

Finding the point of intersection of the lines:
y=2x-2 and y=x+2,

= 2x —2=x+2
= x=4
2k 1D=2x+2 forall x = 4.

(ii) From the sketch of y; = 21x — 1land y, = lx 4 2! it can be seen
that the graphs intersect twice.
Point 4 isgiven by y, =2(x — 1) and y, = x + 2.
Solving gives x = 4 (from part (i)) = y, =y, when x > 4.
Point Bisgiven by y; = —2(x — 1) and y, =x + 2.
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8 +
|
y2 = lx+2] A

0 1 2 3 4

Finding the point of intersection of these lines:
—2x+2=x+2
= x=0,
Y12y, whenx <0.
Hence 2lx — 11> Ix+2lwhenx <0Oorx =>4.
Alternatively, square both sides of the given inequality:
4x — 12 =(x+2)?
4x? —8x+4>=>x*+4x+4
3x2 - 12x =20
3x(x —-4)=0.
This givesx <0 or x =4.

It is only permissible to square both sides of the inequality because
each side is positive, or zero, for all x.

6.2 In one diagram sketch the three lines
x+y —4=0, 2y —3x —-3=0, 3x—-y+6=0.
Indicate, by shading in your diagram, the region in which the following three
inequalities are all satisfied, marking this region A:
x+y—4<0, 2y —-3x -3>0, 3x —y+6<0.

® To find the required region substitute the coordinates of any point not on
a line into the corresponding inequality. If the inequality is satisfied all
points on the same side of the line as the chosen point will also satisfy the
inequality. Lightly shade the other side of the line, i.e. the area which is
not wanted. The origin is a useful point to try. See the figure on p. 50.

x +y — 4 <0 is satisfied by (0, 0) so shade the region which does not con-

tain (0, 0).

2y — 3x — 3> 0 is not satisfied by (0, 0) so shade the region containing
0, 0).

3x — y + 6 <0 is not satisfied by (0, 0) so shade the region containing
(0, 0).

The region which satisfies all the inequalities is unshaded, and is marked
A.
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6.3

<

~
=

+ % -
_6 2 42

ty—4=0—==

Y <

?
Prove that forall realx, 0< 1 < 1.

x? + 10x + 27

Sketch the curve y = ——— —— .

1

x2 +10x + 27
(i) x2 + 10x + 27 is always positive, and
(ii) x? + 10x + 27 > 2 for all real x.

These conditions are both satisfied if x2 + 10x + 27 > 2 for all real x.
Let f(x)=x2% + 10x + 27

=(x+5)?%+2.

Since (x + 5)% = O for all real x, f(x) = 2 for all real x.

1
ThusO < — 3+
BES S lox + 27

<4< are

® The implications of 0 <

<1 for all real x.

Whenx=-5,f(x)=2, = y= % (maximum point).

f(x)‘l

-15 -10 -5 0 5



6.4
(a) Show that the arithmetic mean of two positive real numbers is greater than, or
equal to. their geometric mean. Hence show that when w, x, y, z are real

wt + x4 + y* + 2% = dwxyz.

(b) Find the solution set of the inequality

8 <x+2  (xE€R.x#0)
X

) . ) +
® (a) The arithmetic mean of w and x is wrx

; the geometric mean is

v/ (wx), where 4/ means the positive square root.

In inequality questions it is often worth considering a bracket squared,
for example (w — x)2.

(w—x)? >0, for all real w, x,
= w?2+x? _2wx=0.
Add 4wx to each side:
w? +x? + 2wx = dwx.
= (w+x)* =4wx.
Since w and x are both positive, take square roots

W+ X 2 2¢/(wx) or K;l =4/ (wx)

for all real positive values of x.

From this, w* +x* > 2/(w*x*) = 2w%x? = 2(wx)?
¥+ 28 >0 /(p%2%) = 2y%2% = 2(yz)2.

Hence w® +x% +y* + 2% = 2[(wx)? + (32)?].

But (wx)? + (¥z)* = 2/(Ww?*x2»%2?) = 2wxyz.

Hence w* +x% + y* + 2% > 4wxyz.

)8 <x+2.
X

Do noz multiply by x, since x may be negative.

Multiply by x? 8x<x?(x+2)
0<x3+2x? - 8x
0<x(x+4)(x —2).
From the sketch it can be seen that

x>2 or -4 <x<0.
y{l
y=x3+2x?2 —8x 420
+10
f i - x
-6 J-4 -2 o0 2
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6.5 ThesetSis {(x,¥):S5x+y>13andx® +y? <13,(x,y) € Rx R}.
Show clearly on a sketch the region in which the points representing the
members of S must lie. If (x, kx) €S for at least one value of x, find the set
of possible values of k.

® Sx +y = 13 is a straight line.
x? +y? =13 is a circle centre (0, 0).

y‘l 5x+y=13
|
4.4
A \y=k1X
2<~
S
% o
2 4
y = kox
B

The points representing the members of S lie in the unshaded segment and
include the perimeter. If A and B are the points of intersection of the line
and the circle then

5x+y=13 (1)
and ' x2+y2=13 )
at A and B.

From equation 1,y = 13 — 5x.
In equation 2, x?2 + (13 -5x)* =13

26x% — 130x+156=0

26(x —2)(x —3)=0
i.e.x=2or3.
From equation I, x=2 = y=3 A(2,3)
x=3 = py=-2 B (3, -2).

All points (x, kx) lie on the line y = kx, so k is the gradient of the line
joining the origin to any point of S.

If at least one point on the line y = kx lies in S, then y = kx must be
between OA and OB.
Line OA has gradient 2, OB has gradient — 2.
Set of possible values of kis - % < k < 3.

6.6
(a) For what values of x is x> — 2x2 > 5x — 62
(b) Find the set of real values of x for which X& =3) 55



® (a) Ifx3 —2x2>5x —6thenx® —2x2 - Sx+6>0.
Let f(x)=x3 - 2x2 - 5x +6.
Use the factor theorem to find the factors of f(x).
Values of x to try are the factors of 6, (1, £2, £3, £6).
f(h)=1-2-5+6=0 so (x — 1) is a factor of f(x)
f(0)=8-8-10+6=—-4 so (x — 2) is not a factor.
f(3)=27 - 18 -15+6=0 so (x — 3) is a factor.
f(-2)=—-8—-8+10+6=0 so {(x + 2) is a factor.
fx)=(x—-—1)(x—-3)(x+2).

Check that the coefficient of x> is correct, since the linear factors may
be multiplied by a constant.

Iffx)>0,(x-1)x-3)x+2)>0.
From the sketch or by considering the number line,
x3 - 2x*>5x—6 when -2 <x <1 orx>3.

-2 -1 ¢ 1 2 3
1 | i
x — 1 — — + ¥
x—3 — — — +
x+2 - + + +
fix) - + +
I XX =3 59 then XX =3 5 >o
x—2 x -2
x(x —3)—2(x—2) >0
X —2
2
x: —3x—-2x+4 >0
x — 2
x—4Hx-1) >0.
x—2

For a fraction to be positive either all the factors must be positive or an
even number of factors negative for given values of x.

0 1 2 3 4

| I
x —4 — - - +
x =1 — + + +
x—2 - - + +
f(x) — + — +

Trueif x >4 orif 1 <x <2.

The inequality must not be multiplied by (x — 2) since for some values
of x, x — 2 is negative.

An alternative method is to multiply by (x — 2)?, which is never
negative for real values of x.
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x(x —3)(x -2)>2x - 2)?
= x(x 3)x -2)—2(x -2)>>0
(x —2)(x®> -3x —2x+4)>0
(x —2)(x? —5x+4)>0
x -2Dx—-Dx 4)>0.
Use the same number line as for the first method.

6.7
(a) If y = x* — 73x? + 888 and |y <312, find the set of possible real values of x.
Sketch the function f(x) =x% — 73x? + 888.

(b) Solve the inequality L > L
x—4 3—x

® (a) y=x* — 73x? +888and —312<y <312,
(i) Substitute y = 312 into the equation
x* — 73x* + 888 =312
= x* - 73x2+576=0.
This is a quadratic equation in x?:
x?2 —9)(x®> -64)=0 = x=13 x=18.
(ii) Substitute y = —312 into the equation
x* —73x% + 888 =— 312
= x*_-73x2+1200=0
= x=i5,x=i\/(48)=i4\/3.
The function f(x) = x* — 73x2? + 888 is an even quartic function so must
be symmetrical about the line x = 0.
If lpI<312then 8<x<-4/3or-5<x<-3or3<x<S5or
4/3<x <8.

v A

—500 1

x—4 3—x x—4 3—x

B-x)—-x—-49
x-4)3—-x) >0

T -2
x-4)3 - x)




3.0 3.5 4.0

7-2x + + - —
x —4 - - - +
3—x + - - -
f(x) - + - +

Considering the number line,

_bos

when3<x <35 or 4<x.
x—4 3 -x

6.3 Exercises

6.1 Find the sets of values of x for which
(a) 13x —51<6;

() Bx — 1 (x+3)>0;

(c) Ix? —9i<8.

6.2 Find the sets of values of x for which
(@) Ix =31>21x+11,

by X <2.
()x+2

6.3 In one diagram sketch the graphs 2x + 3y = 8, 2x — 5y = —8. Find the range
of possible values for x, given that x and y satisfy the inequalities 2x + 3y < 8,

S5y — 2x > 8.

1 4

6.4 Prove that forallrealx, 0 < ——— <
x?2 —5x+9 11
1

Sketch the ¢ = =
etch the curve y e —s

6.5 For what values of x is f(x) = x3 — 12x2% + 39x — 28 <0?
Sketch the graph of f(x)

6.6 Find the set of values of x for which f(x) > % where f(x) = XX =2)

Sketch the graph of f(x). G +3)
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6.7

(a) Show that, for all real values of x and y, x2 +y? > 2xy.
(b) Hence show that, if @, b, ¢ and d are real,

DRORONE

2
6.8 Prove that, for all real x, 0 < X —2x+l < 10.
x? +4x+5

x? —2x+1

Sketch th = .
etch the curve y 7 T dr 53

6.4 QOutline Solutions to Exercises

6.1
(a) 13x —51<6
= 3x-5<6 or 5-3x<6
= x <# or x> -5
Thus — 4 < x < 4.
®)Bx-DHx+3)>0.
From the sketch, f(x)=Bx — 1) (x +3), f(x)>0 whenx < -3 orx >4,

vk

10 +

(©) Ix? —91<8 = x? _-9<8 or 9 - x? <8.
These give respectively x? <17 or x2>1.
Thus — /17 <x <-1 or 1 <x <17

6.2
@ Ix—=3I>21x+11l
Squaring, x2 — 6x +9>4x2 +8x + 4
= 0>0Cx-Dx+535).

_5 1

3x—1 - — +

x+5 - + +

Using the number line:

lx —=31>2lx+ 1l when -5 <x <4
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X

x+2

Multiply both sides by (x + 2)?:
x(x+2)<2(x+2)2 = 0<(x+2)(x+4).

(b) <2.

v A

1047
\ ! ] X

I i ¥ -

o]

-5 -4 -3 -2 -1

Sox > -2o0rx <-—4.

6.3 2x+ 3y <8. Multiply by 5:  10x + 15y < 40.
2x — 5y < —8. Multiply by 3: 6x — 15y < =24,
Add: 16x <16

=x <1.

1
64 letys ———————
ey x? —-5x+9

xisreal,s025y2 =24y 9y — 1) = 0=y (1ly —4).

Thus0<y <5&.

= yx? —Sxy+9y —1=0. )]

If y = 0, equation 1 gives —1 = 0, which is unacceptable, hence y > 0.

If y = 4, equation 1 gives (2x — 5)2 =0
= X =%.
Hence 0< —— 1 < &.

x2 —5x+9
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6.5 f(x)=x3 — 12x* + 39x — 28.

Factor theorem gives (x — 1) as a factor = f(x)=(x — 1) (x — 7 (x —4).

From the sketch, f(x) <Owhenx <lor4<x<7.

v A
10+

6 3%%:72)) >1 Multiply by 2(x + 3)?
2x(x — 2) (x +3) > (x + 3)2,

= (x+3)2x+1)(x—-3)>0.

Using the number line:

-3 _% 3
x+3 - + + +
2x + 1 - — + +
x -3 - — — +
x+3)2x+Dx-3)| - + - +
xT(;C?EB? >4 when -3 <x < -3 or

x > 3.



6.7
(a) (x — y)? =0 forall real x and y,

= x2+p2 —2xy=0 = x?+y?>2y.
(b) From part (a):

G- [T 107> (3)
N O )

2 2
(&) =0)0)-
c a ¢ a
4 4 4 4
b c d a

x? —2x+1
L =X T X7
6.8 Lety 24+4x+5

Thenx2(y — D+x@y +2)+ 5y — 1)=0.
xisreal,so(4y +2)? =4y — 1) (Sy - 1)

= 0=y —10),s00<y <10

When y = 0, equation 1 gives —x? +2x —1=0
= x =1 (twice).

When y = 10, equation 1 gives 9x2 +42x +49=0
= x=—7% (twice).

As Ix|=o0 y—1.

2—4.—
) ﬁ________/_‘/__ fx) =
{ f {_/r + -
-3 -2 -1 0 1 2 3 X

(1)
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1 Plane Cartesian
Coordinates

7.1
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Understanding the relationship between a graph and the associated algebraic

relation.
Ability to sketch curves such as y = kx" for integral and simple rational #,
2 2
= X Yo _
ax +by+c=0, "+ =
y a2 b2

Finding the equations of straight lines and circles.

Points of intersection, distance and angle formulae.

Simple transformations y = af(x), y = f(x) ta, y = f(x — a), y = f(ax).
The relation of a graph to its symmetries.

Fact Sheet

(a) Lines
v A

s

(x2,y2}

- X — X3

® Length QP =+/[(x; — x,)* + (¥ — ¥2)*].
® Gradientof QP =¥1 "2 =,

X1 — X2
=tan 6.
® Equation of a straight line
(i) y=mx+c [gradient m, y-intercept ¢].

(i) y—y;=mx—xy) [gradient m, through point (x,, 3';)].

(iii) ; +bl =] [x-intercept a, y-intercept b].



(JV) Y- =y1-y2
X — X X — X3

[through (x;, ¥,) and (x,, y,)].

V) ax+by+c=0 [general equation].
® Distance of a point (k, k) from alineax + by +c=01s

ah + bk +c + ah+tbk+c

Vi@ +b?) Vi@ +b%)’
® Angle between two lines with gradients m, and m, is o, where

tan o = ﬂﬂ
l+mm,

® Lines are perpendicular if m;m, = —1.

® Lines are parallel if m, = m,.

(b) Circles

(i) (x — h)* + (y — k)® =r? [centre (&, k), radius r] .
(ii) x* + y* + 2gx + 2fv + ¢ = 0 [centre (—g, —f), radius+/(g? + f? — ¢)].

(c) Ellipses

X+ 2 =1 [semi-axesa, b].

(d) y =kx", k positive [k negative reflects in the x-axis. ]

(i) » is an even integer > 1.

v A

Y

(i) » is an odd integer > 1.

YA

Y




(i) n= -, where p is a positive even integer.
)2

yV
—— X
0

We take y = kx!/2, for example, to mean only the positive square root so the
graph does not have a branch below the x-axis.

(iv) n = —, where ¢ is a positive odd integer.

VA/

o

1
q

Y

(v) n is a negative even integer.

(vi) nis a negative odd integer.

yﬂ k

- X

0




(e) Transformations

(i) y =af(x) is a one-way stretch, or scaling, parallel to the y-axis, factora.

14 ‘}
y =af(x}, a> 1
y = fix)
y =af{x),0 <a <1
Stretch
~ X
0]
y=afix}),a<0

(ii) y =f(x) + a is a translation <O> .
a

y=flx)+a

!
y = fix)
a / y=fi{x) —a
3
a>0

N

S
N

4
0

(iii) y = f(x — a) is a translation of (g)

vk

y = f{x + b)

a>0,b>0




(iv) » = f(ax) is a one-way stretch, or scaling, parallel to the x-axis, factor l .
a

y4\

—

Stretch Stretch

7.2 Worked Examples
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7.1

Express 5x2 — 20x + 16 in the form a(x — b)* + ¢. Show how the graph of
y = 5x? — 20x + 16 may be obtained from the graph of y = x2 by appro-
priate translations and one-way stretches. List these transformations clearly
in the order of application.

® 5x? —20x+16=5(x2 —4x +18),
Completing the square with x2 — 4x,
X2 —4x+4=(x - 2)2.

Thus

¥ —4x+P=x? —dx+4 - F=(x-27 - L
Hence

5x2 —20x+16=5[(x —2)* — %]
=5(x—-2)? — 4.

y = 5x2 — 20x + 16 may be obtained from y = x? by:

(a) Translation (g) , 1.e. 2 units in the direction of the x-axis.

(b) One-way stretch, or scaling, of factor 5 parallel to the y-axis.

(c) Translation (

2), i.e. —4 units in the direction of the y-axis.

20 —

\
X

v A A

y=(x—2)?




v =5lx — 2)2 V‘l

\ y=5(kx—-2?2-4
20 20 4

X

|
»
|
N
]
N
IS
|
IS
|
N
e}
IS

7.2 The circle with equation x2 + y% + 8x + 6y — 56 = 0 has radius
A, S; B, 9; C,4/56; D,/103; E,\/156.

® The equation of a circle is (x — @)®> + (3 — b)®> =7?, where (a, b) is the
centre and 7 is the radius.
x2+y2 +8x+6y —56=0 = x2+8x+y?+6y=56.
x2 + 8x requires (3)? = 16 to complete the square,
2 + 6y requires (%)2 =9 to complete the square.
Add 16 + 9 to each side of the equation of the circle:
x2+8x+16+y2+6y+9=56+16+9 =281
= (x+4)?+@y+3)2=81 = centre (-4, —3), radius 9.
Answer B

7.3 If the points (h, k), (1, 3) and (—2, 7) are collinear, then the relationship
connecting /# and k could be:
A, 3h+4k=5; B,3k—4h=25; C,3k+4nh=13;
D, 3h — 4k =13; E,3k+4h=—13.

® [f the points P (4, k), A (1, 3) and B (-2, 7) are collinear, then PA has the
same gradient as AB.

Gradient of PA is ~—3  gradient of ABis —~—> = — 2.
no1 21 3
k- 3_ 4
Th _ 4 L 3k-3)=—a@m -
us 3. % s 36-9=40-1
3k—9=—4h+4 = 3k+4h=13. Answer C

7.4 The circle which passes through the origin and the points (25, 0) and (16, 12)
has the equation

C,x2 +y? —25x — 12y =0; D, (x — 25)* +y? = 625;
E,x?+y? - 25x=0.

® The general equation of a circle is x? + y? + 2gx + 2fy + ¢ = 0.
Since the circle passes through (0, 0) then ¢ = 0.
Since the circle passes through (25, 0) then
625+50g=0 = g=_-%,
If the circle passes through (16, 12) then
256 + 144 +32¢g+24f=0 = 400 —400+24f=0,s0f=0.
Hence equation of the circle is x2 + 3% — 25x = 0.
Answer E
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7.5 Find the centre and radius of the circle
x2+y%2 —6x— 10y +9=0.

Find the points of intersection of the line y = 2x + 4 and the given circle,
and prove that the length of the chord cut off is 4/5. Show that the circle
which has the same centre as the given circle and which touches the given
line passes through the point (1, 4).

What is the equation of the tangent to the second circle at (1, 4)?

® x2+3p? _6x—10y+9=0 = x? —6x+y? —10y=-9
= (x—-3)2+(p-5?%=-9+9+25=25=§,.
Circle: centre (3, 5), radius 5.
When y = 2x + 4 intersects x2 +y% — 6x — 10y +9 =0,
x2+(2x+4)? —6x —102x +4)+9=0
= x2+4x%2+16x+16 —6x —20x —40+9=0
= 5x2 —10x—-15=0 = S5(x+1)(x-3)=0,
sox=-—1orx=3.

Substituting for x into y = 2x + 4 gives intersection points (-1, 2) and
(3, 10).
Length of chord = 4/[(3 — —1)* + (10 — 2)*] =4/5.
Any circle with centre (3, 5) and radius r has equation:
(x =32 +(y —=52=r%
Distance of (3, 5) from the line y = 2x + 4 is

@B =5+4) _
Hence the equation of the circle which touches the line y = 2x + 4 is
(x -3)2+(y-5?%=5=8,




When y = 4, x2 6x+9+1=5
= x?-6x+5=0
= (x-5(x—-1)=0,
S0 x=5orx=1.

Hence the circle S, passes through (1, 4).
The gradient of the radius of .S, which passes through (1, 4) is

w

PO —

—4
— 1

w

therefore the gradient of the tangent at (1, 4) is —2.
The equation of the tangent is

y—-4=-2x-1) = y+2x -6=0.

7.6 Sketch on the same diagram the curves whose equations are x? + y* = 25
and x? + 4y = 0. (Do not calculate the coordinates of the points of inter-
section.) Shade in your diagram the regions of the plane for which

(x? +y? —25) (x* +4y)<0.

® x2 +3? =25 is the equation of a circle centre (0, 0) radius 5.
x2 + 4y = 0 is the equation of a parabola y = — +x2.
x? + p* — 25 < 0 for points inside the circle (shaded horizontally in the
left-hand diagram).
x? + 4y < 0 for points below the parabola (shaded vertically in the same
diagram).
(x2 + y? — 25) (x? +4y) <0 when one factor is positive and one is nega-
tive (shaded horizontally in the right-hand diagram).
(Boundaries are not included.)

vk v A
5 5
. /"—T:,‘,ﬁ\
/ AN y A N
/ AN yi o . Y
F \ /_7**, L 3\
—— —
5 2 5 - X _5[: 777,0‘\‘\ — js%x
N
F 7 \L, V4 N
Y \__/ N7
\ \N/ \A/ \ 7
L /K
‘ [ T > b o = A
=51 B ek S —
|| ! y A A
i i A

7.7 A function g(x) of period 27 is defined by

g(x) =x2 for 0<x<§,
(x)=7r~2 for T<x<n
g 4 2 M
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Given also that g(x) = g{—x) for all x, sketch the graph of g(x) for
=2r < x <2m. (L)

® g(x)=x2 for 0 < x < — gives figure (a).

s
2
_ m? T . )
glx)= i for 5 < Xx < 7 gives figure (b).
Combining these two gives figure (c).

g(x) = g(—x) extends the graph to figure (d).

g(x) has a period of 2=, so this part of the curve is one period. Extending
it to =27 < x < 27 gives figure (e).

glx) gix) k gix)
i
4
X
T s T
° 2 2
(a) {c)
glx)
?
4
+ 1 } t + } 3' — X
—27 — 3?‘” -7 - 12_r 0 g m ?7 2n

{e)

7.8 The curve whose equation is ¥y = x? undergoes, in succession, the following
transformations:
(a) A translation of magnitude 3 units in the direction of the negative x-axis.
(b) A scaling parallel to the y-axis by a factor of 2.



(c) A translation of magnitude 3 units in the direction of the y-axis.
Give the equation of the resulting curve and sketch this curve. (Your
sketch should show the coordinates of at least three points on the curve.)

Another curve undergoes, in succession, the transformations (a), (b), (c) as

Sx+ 12

above, and the equation of the resulting curve isy = = T
X

Determine the equation of the curve before the three transformations
were effected.

Sketch the curve with the equationy = ~—— -,
x

° y=x% = y=(x+3)? after translation <_O3> )
y=(x+3) = y=2(x+3)? after scaling factor of 2.
y=2x+3)> = y=2(x+3)%+3 after translation (g) .

vA
{(o, 21)
204
(-5, 11) ol
(-3, 3)
t + f f f 1 f -
-6 -5 -4 -3 -2 -1 0] 1
= 26—:—2!2 has to undergo transformations (¢)~!, (b)~! and (a)! in
x
succession in order to find the equation before the transformations (a),
(b) and (¢):
= x+l1z = Sx+12 5 2x+6 under (¢)™!
x+2 x+2 x+2
_2x+6 y=l<2x+6)=x+3_ under (b)-!
x+2 2 \x+2 x+2
x+3 _{x—-3»h+3 _ x 1
= = = >~ 7 = .
Yy <+ 2 y x_3)+2 Y 1 under (a)

See diagram on next page.
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v A

|
} 10 +
]
|

_B5x+12 |

x+2 }
i T ——
————— | 5 4 e —

|
|
|
|
|

; ! ! % = x

-8 -4 -2 0 2 4

7.9 The vertex A of a square ABCD is at the point (4, —3). The diagonal BD has
equation x — 7y + 75 = 0, and the vertex D is nearer to the origin than B.
Calculate
(a) the coordinates of the centre of the square and of B, C and D,

(b) the length of AB,
(¢) the equation of the circle which touches the sides of the square.

v A

20

x—-Ty+75=0
10

A (4, -3)

® (a) LineBDisx —7y+75=0 = y=ix+7% (1)

Gradient of BD is .
The diagonals of asquare are perpendicular, so AC has a gradient of —7.
Equation of ACisy — (-3)=-7(x — 4),

= y+3=-Tx+28 or Tx+y=25 2
AC and BD intersect at the centre of the square.
Solving equations 1 and 2 simultaneously,

x—7025-7x)+75=0 = 50x=100, x=2,vr=11.

Therefore the centre of the square £ is the point (2, 11).



A is (4, —-3), Eis (2, 11). Therefore EA = (

12 4) . Since the diagonals

of a square are equal and bisect perpendicularly at E,

- (2). 70 (). - (1)
ThusBis(2+14,11+2),Cis (2 - 2,11+ 14), Dis (2 — 14, 11 — 2).
= B(16,13), C(0,25), D(-12,9).
(D is nearer to O than B.)

(b) The length of AB is 4/[(16 — 4)* + (13 + 3)?] = 20 units.

(¢) If a circle touches all the sides of the square, the centre is at £ (2, 11)
and the diameter is 20 units, so the radius is 10 units.

The equation of the circle is
x—2)2+(@—-11)2 =102
= x2+y? —4x - 22y +25=0.

7.3 Exercises

7.1 The equation of the line through the points (1, —2) and (-5, 6) is

A dx —-3y=-1; B,4x+3y=-2; C,3x+4y=-5;
D,3x—-4y=11; E, none of these.

7.2 The locus of the points equidistant from the centres of the circles whose
equations are
x?4+y?2 —2x+4y —-5=0

and x2+y? —10x — 8 +2=0 has equation
A, 8x+ 12y — 7=0; B,6x+2y+3=0; C,4x+6y —-5=0;
D,2x+3y -9=0; E, none of these.

7.3 The centre of the circle 3x? + 3y? — 15x — 6y +2 = 0 is the point
A, (15, 6); B, (7.5, 3); C, (=5, =2); D, (-15, —-6); E, (2.5, 1).

7.4 A and B are the points (2, 4) and (4, 10) respectively. Find

(a) the equation of AB,

(b) the equation of the perpendicular bisector of 4B,

(c) the equations of circles through 4 which touch both of the coordinate axes,

(d) the perpendicular distance of the centres of the circles from the perpendicular
bisector of AB,

(e) the point other than 4 at which the line AB intersects the smaller circle.

7.5 The curve whose equation is y = x> undergoes in succession the following
transformations:

(a) a translation of magnitude 2 parallel to the y-axis,

(b) a scaling parallel to the x-axis of factor 2,
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(¢) ascaling parallel to the y-axis of factor 3,
(d) a translation of —2 parallel to the y-axis.

Give the equation and sketch of the resulting curve, and the coordinates of
three points on the curve.

7.6 Find the equation. of the circle having the line joining the points (2, 1) and
(4. 7) as diameter. Find the equations of the tangents from the point (3, 0) to
this circle.

7.7 The coordinates of the vertices of the triangle ABC are A(2, 0), B(8, —3),
C(5, 6). Show that the triangle is isosceles and find the midpoint D of BC. Find
the equation of the circumcircle of triangle ACD. Find the angle ABD (a construc-
tion will not be accepted).

7.4 OQutline Solutions to Exercises
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7.1 (1, —2) does not satisfy 4, but does satisfy B, C and D.
(-5, 6) satisfies B, but not Cor D Answer B

7.2 Centres of circles are C; (1, —=2) and C, (5, 4). P (x, y) is equidistant from
C, and C, if (PC,)? = (PC,)*.
= (-1 HE 2= (x-S H (- 4

= 8x+12y=36 = 2x+3y=09. Answer D
73 x? +3? — 5x — 2y +% =0 has centre (3, %). Answer E
7.4

() i)—_140 = ;:2 = y=3x-2.

(b) Midpoint of AB is (3, 7), perpendicular bisector has gradient — 3, so equation
is
y—T1=-%(x-3) = 3y=-x+24

v A
20

10




(¢) If circle has centre (#, k), in order to touch both axes 2 = £k and

radius = | #1. Equation has form (x — #)® + (y + h)® = h2.
To go through (2, 4), circle lies in first quadrant, so & = +k and
Q-hP+@—-h?=h* = h=10 or h=2.
Circles are (x — 10)2 +(y — 10)? =100
and (x =22+ —2)? =4
(d) Centres are (10, 10) and (2, 2).
Perpendicular distance of (10, 10) fromx + 3y — 24 =01is

10+ (3)(10) — 24 16
V(12 +3%) V10
Perpendicular distance of (2, 2) from x + 3y - 24 =0 is

2+(3)(2)-24|_ 16
\/(12 +32) V10
(e) AB hasequation y =3x — 2, smaller circle has equation (x — 22 +(y —2)* =4,
Substituting gives
x-22+0Bx—-4)?2=4 = x=2 or x=%

Required point is (%, % .

75 y=x3

ya =x3+2.
3
yg = (g-) + 2.
3
e =3[(3) 2]
x 3
yD=3|:(§> +2] _ 2 = 8y=3x?+32.

Three points (0, 4), (2, 7), (2, 1).

8y = 3x3 +32

2,7

Y

—10+
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7.6 Centre of circle is (3. 4),

radius =4/(1 +9) =4/(10) = (x - 3)* +(y —4)* =10.
Line through (3. 0)isy = m(x — 3).
To be a tangent, perpendicular distance from (3, 4) =+/(10).

m(3) -4 - 3m _ ) ) 5
V(m? +1%) =£/(10) = 10m*=6 = m=2/3)

Equations of tangentsare y == \/(%) (x — 3).

7.7 AB=+/(36+9), BC=+1/(9 +81),CA=+/(9 + 36).
AB=CA = isosceles triangle.

vA

xY

B (8,-3)

Midpoint D of BC is (4, ).
Since LADC is a right angle, AC must be a diameter of the circumcircle through
A, DandC,
= centre is (£, 3), radius is %\/(45),
: Iy2 2 _ 4s
equation (x —%)* +(y —3)* =73,
= x2+y? _Tx-6y+10=0.

cos LABD = VOO L ABD = 45°.
24/(45)



Trigonometric Functions
and Formulae

Definition of the six trigonometric functions for any angle; their periodic proper-
ties and symmetries.

Use of the sine and cosine formulae.

The angle between a line and a plane, between two planes and between two skew
lines, using trigonometric methods.

Circular measure.

Fact Sheet

(a) Degrees and Radians

® | radian is defined as the angle subtended at the centre of a circle by an arc
equal in length to the radius.

® | radian = 180 degrees.
T

1 radian

(b) Sine, Cosine and Tangent of Any Angle

e sing= projection of OF onto OY

length of OP
® cosf = projection of OP onto OX
length of OP
sin 6
® tanf= 0 ’ Projection on
cos | i
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® In the second quadrant:

sin 8 = sin(180 — 6), 90

cos 8 = — cos(180 — 8), S+ S+
tan 8 = — tan(180 — 8). c_ C+

® In the third quadrant: - T4
sin § = — sin(68 — 180), 180° 0"
cos § = — cos(6 — 180), S— S
tan 8 = tan(8 — 180). Cc- C+

® In the fourth quadrant: T+ T
sin 8 = — sin(360 — 6),
cos 0 = cos(360 — 6), 270°

tan 6 = — tan(360 — 9).

(c) Cosecant, Secant and Cotangent

1

e 0= .
osee sin 6
1
® g = .
se¢ cos 8
® cotf = _ cosf

tan 8 sin 0

(d) Pythagorean Identities

® cos? §+sin26=1.
® | + tan? 8 = sec? 4.
® cot?2 §+ 1 =cosec? 9.

(e) Sine and Cosine Formulae

® Sine

a . b _ ¢ = 2R where R is the radius of the circumcircle.

sin 4 sin B sin C
® Cosine

a?=b%2+c¢? —2()c)cosA or cosAd

_b*+c?—a?

2(b)(c)
In the special case when angle 4 is a right angle, sin A = 1, cos 4 = 0, and they
- b _ ¢ 2 2 2
b a= = ; =b* +c*.
ecome sin B sin C ¢ ¢

(f) Circular Measure

® Length of an arc = 76, and area of a sector =3 20, where 6 is measured in
radians.



(g) Graphs of the Six Trigonometric Functions

® sinf Period 360° or 27 radians.
sin § =sin [180n° + (—1)" 0].
\ 1 4*
+ % : lr 0
_ 87 a _T Y T w 31 2n
2 2 2 2
14+
® cosf Period 360° or 27 radians.
cos 6 = cos(360n° £ 0).
1
1 + /\ % ﬁ 0
3 n 0o T 3m
_ ? —r _5 5 it 5 27
_‘] 4
® tan 6 Period 180° or 7 radians.
tan 8 = tan(180n° + ).
31 | |
! | . :
[ | | |
[ | |
I | 2+ | !
i I '
| * i |
| : | '
| | 11+ I l
| | | ‘
| | | |
| 1 i !
| | 0 | : -0
i‘31r ]7r 7‘( 37 2
2 - —2 2 " 2 i
' ! i |
i i -1+ | |
| | | |
| | | |
i | -2t l I
| | }
x | | l
! | | |
; | _3-4 | 1




Behaves as sin 8.

® cosec 8

=
[, e - — 1 & e
3
&lev
— = —————
-+ BN
- o~ ™
I | |
-t ¢ | + 1 i
~ ™ o~ — o
Eioy
T |
——— o — - .!||.1|||.|1l1||qhill[lllll'ill
|
4 &le
|
=
- e -l o~
i

Behaves as cos 6.

® secf

27
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® cotan § Behaves as tan 8.

! | 3T | !
| |
|| | |
l i .1 |
| ' i ‘ ‘
| ! ‘ 7
i 1 { l
| I - ‘
| | 7 | !
| l |
| ! !
| r ‘ !
— ; = :
37 | s 0 Ll l 37 2l
—r =7 -7 2 2 ’|’ 2
1
|
|

(h) Skew Lines

® Lines which are not parallel but do not intersect are called skew lines. Examples:
(i) Edges AB and A'D' of the cube shown.

(ii) Edges VA and CB of the pyramid shown.
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8.2 Worked Examples

8.1 ABC is an equilateral triangle of side 4 cm. The radius, in cm, of the circle
passing through A, B and C is

A 4 B, 2; C, 2\/3; D, 4/y/3; E,/3/2.

A
® Let O be the centre of the circle, the point where the perpendicular bi-
sectors of the sides intersect.
0 OB bisects LABC = LOBC = 30°.
el Let N be the mid-point of BC
S — . BN =2 cm, LONB = 90°.
v In triangle OBN,

BN _ o . 2 _ 43 _ 4
OB cos 307, i.e. OB 3 = OB 73 . Answer D

a - 2

. . 4
Alternatively: by the sine rule 2R = , R —_.
v oy sin A sin60° /3

8.2 With the usual notation in a triangle XYZ, x = 7, y = 4, z = 5. Without using
tables, find cos X as a fraction in its lowest terms and prove that

sin Y = M_ .
% 35
i
% ; ® Using the cosine rule for triangle XYZ,
|
\/241 cosX=y2+22—x2 = 16+25'49=—%.
] 2yz (2) @) (5)
tx 4z If cos X=—4 and sin X2 + cos? X = 1
then '
. 24 . V24 _ 24/6
2X=l_l2=__ = X: =N
sin (<) 75 sin s s

(positive value only since 0° < X < 180°).

Using the sine rule for triangle XYZ,

sinY _ sinX - snYy= ysinX _ (D (24/6) - 8y/6 .
y x x (N (5) 35

8.3 In triangle ABC, angle 4 = % .

(a) Prove thatsin C = %(\/3.003 B + sin B).
(b) Given that ¢ = 3b, where the usual notation applies, find, by using the sine
rule or otherwise, the size of angle B.

® (a) A + B+ C=m (angle sum of a triangle).
= C=m1m—(A+B), sinC=sin[r -(A+B)] =sin(4+B)

. . . . m T .
= sinC=sinA4 cosB+cosA smB=sm§ cosB+cos§ sin B
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sinC=3Q cosB+%sinB=%(\/3cosB+sinB). (D

sinB _ sinC
c

(b) By the sine rule, csinB

,le.sinC=

3 But ¢ = 3b, therefore sin C = 3 sin B. 2)
Combining equations | and 2,
3sin B =4 (/3 cos B + sin B),
Ssin B =+/3 cos B.

Divide by 5 cos B;tan B = % = B =0.333 radians.

8.4 The length of an edge of a regular tetrahedron ABCD is 3a. Show that the
perpendicular distance of the vertex from the opposite face is a\/6.
A point P lies on the edge AB and « is the acute angle which DP makes
with the plane ABC. Prove that as P moves on the edge AB the greatest and
least values of o are 70.5° and 54.7° approximately.

Let N be the foot of the perpendicular from D to face ABC and M the mid-
point of AB.

ABC is an equilateral triangle = CMA = 90°.

By the theorem of Pythagoras, for triangle CMA, CM? + AM? = AC?,

2 2
ie. CM? =942 — 9% = 27: ,
s = CM= i\zléa = DM (symmetry).
3
32: : In triangle AMN, % =tan 30°, NM= (\/—13) (‘%) = \/2“ )
2

From triangle DNM, DN? + NM? = DM?,
_ 27a*  3a* _ 244*

- - b

4 4 4

DN =a\/6.
The perpendicular distance of the vertex from the opposite face is a1/6.

DN?

Let P be distance x from M.

2
Then, from triangle PMN, PN* = NM? + PM? = 3% + x2.
The angle o between DP and plane ABC is angle DPN,
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PN _ /(3a* +x%)
DN a\/6

Maximum value of cot « is given by the maximum value of x, %‘i

cota=

Minimum value of cot « is given by the minimum value of x, O.

V(1222 /4) _ 1

in. = ,a=54.7°.
For min. o, cot « /6 \/2 o
2
For max. o, cot a = VACLHLONNES , a=70.5°
a\/6 2V/2

8.5 ABC is a plane triangle with AB = 4 cm, AC = 5 cm and angle ACB = 30°.
Find, by calculation, the two possible lengths of BC, each correct to 3 sig-
nificant figures, and the corresponding values of angle ABC, correct to the
nearest tenth of a degree.

Using the cosine rule for triangle ABC,

BA? =BC? + AC?* — 2(BC)(AC) cos C,

16 = BC?* + 25 — 2(BC)(5) cos 30°,

= BC? —8.66BC+9=0

_ 8.66 /(75 — 36) _ 8.66 +4/39
2 2

= BC=7.450r1.21 cm.

= BC

sin LABC _ sin LBCA

Using the si le for triangle ABC,
sing the sine rule for triangle i 1B

. °
= sin LABC = % = 0.625

LABC =38.7° or 141.3°.
When BC = 7.45 ¢cm, LABC = 38.7°; when BC = 1.21 cm, LABC = 141.3°.

8.6 A cubical packing case of edge 1 m has base ABCD resting on the horizontal
ground, with edges AA’, BB', CC' and DD’ vertical. In order to slide the case
along one edge, the case is rotated about edge AB through an angle 6 where
0° <6 <45°.

(a) Find, in terms of 8, the heights of C and C' above the ground.
(b) Show that the diagonal BD of the base of the packing case is inclined to

sin 0

V2o

the horizontal at an angle {, where sin =



V3

sin 0 + cos 0

(¢) Show that the diagonal AC' of the case is inclined to the horizontal at
sin 8 + cos 6

V3

an angle ¢, where sin ¢ =

Since all faces are squares of side | m, each diagonal of a face is of

length /2 m (theorem of Pythagoras).

(a) Let the points N and M be points on the ground vertically below
Cand C',LCBN=6°,CB=1m.
From triangle CNB, CN = CB sin 8 = sin 6.
From triangle CC'X, C'X = CC' cos § = cos 8.
But C'M=C'X+XM=C'X+CN=cosf +sin6.
Therefore C and C' are sin 8 m and (sin 6 + cos #) m above the ground
respectively.

(b) D is distance sin § above the ground, DB =+/2 m.
sin 6
V2

(c) The diagonals of the packing case are each of length
VA2 +12+1?7)=4/3m.

=gin Y.

. DL .
F t le DBL, — =sin =
rom triangle DB Vi

From triangle C'MA, sin ¢ = cM - Sin 0 + cos 6 ‘

% C'A V3
8.7 ABCD is one face of a cube and AA’, BB', CC' and DD’ are edges, each of
length 2a. The midpoint of AB is X, and the midpoint of DD’ is Y. Calculate
(a) the lengths B'X, B'Y, XY,
(b) sin LXYRB',
(¢) the area of triangle XYB'.
o ® (a) In triangle BB'X, BB' = 2a, BX =a, L B'BX = 90°.
5 o By the theorem of Pythagoras, B'X? = BX? + BR'"?
- B'X? =54, B'X=1+/5a.
T Similarly, DX =+/5a.
// T In triangle XDY, XD =+/5a, DY = a, LXDY = 90°.
i e By the theorem of Pythagoras, XY? = XD? + DY?
N N XY?=6a>, XY=,/6a.
B c In triangle A'B'D’, A'D' = A'B' = 2a, /L A'B'D’' = 45°.
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B'A’ o 1 Ay
—— =co0s45" =—— = BD =2/2a.
Vg v
In triangle B'D'Y, B'D' = 2\/2a, D'Y =a, LB'D'Y = 90°.
By the theorem of Pythagoras, B'Y2 =B'D'? + D'Y?
B'Y? =942, B'Y = 3a.
BX=+/5a, BY=3a  XY=\/6a

(b) By the cosine rule for triangle B'XY,
XY2+B'Y?~B'X*_ 10a _ 5
2(XY) (B'Y) 6\/661 3\/6

But sin LXYB' =4/(1 - cos®> LXYB')=+/(1 - &),
sin LXYB' =\/%.

cos LXYR' =

(c) Area of triangle XYB' =% (B'Y) (XY) sin LXYB'
=3 (3a) 4/6a)/ B
29
a?.
2

H
<

8.8 For each of the following expressions state whether or not it is periodic, and,
if it is periodic, give the period:

(@) Xy #£0; (b) sin? x; (¢) lcosxl.
x

sin x . . g
® (a) —= is not periodic.
x

v )

d

(b) sin? x is periodic, period 7.




(54} a

(¢) lcos x!is periodic, period .

14
1
} - 4 xs + Ll ¢
T u 3n
T2 2 2

8.9 ABCD is one face of a cube and AA’, BB', CC' and DD’ are edges. The point

E divides AA' internally in the ratio 2 : 3. Find
(a) the angle between CE and C'D’,
(b) the angle between the planes BCE and ABC.

® (3) Lines CE and C'D’ are skew. The angle between them is the same as
that between CE and any line parallel to C'D’, such as CD.

D' ¢
A ?
F
2 e T
s T
P -
v o
s -
E K-Q———~—< ——————————— \\\
2a \\\\
\\
S
A 5 5

Let the length of each edge be 5a (since AA’ has to be divided intern-
ally in the ratio 2 : 3).

The length of the diagonal of a face is 5¢/2a.

In triangle EAC, EA = 2a, AC= 5\/2a, LEAC = 90°.

Hence EC? = (2a)? + (5y/2a)? = 54a*, EC =+/(54)a.
In triangle ECD, LEDC = 90°, = cos C = \7——(55‘2 o
Therefore the angle between CE and C'D’ is 47.1°.

LC=47.1°.

(b) The angle between planes BCE and ABC is LEBA.

EA _ 2

tan EBA = —
AB S5a

LEBA =21.8°.
Therefore the angle between the planes BCE and ABC is 21.8°.
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8.10 A chord PQ of a circle centre O divides the circle into two segments whose
areas are in the ratio 1 : 2. If the obtuse angle POQ is o, show that
3a0= 27 + 3 sin .
Use a graphical method to find «.
® Area of segment = area of sector OPQ — area of triangle OPQ
=120 -1 sina

Area of segment =% area of circle = 3772,
Therefore 372 o« — 312 sin a = 3mr2.
Multiplying by 6/r? gives

30 — 3sina=2w or 3a= 27 + 3 sin a.

From the graphsof y = 3 sin o and y =30 - 27,
o= 2.61 radians.

y =30 — 27

y=3sina

2.4 25. 2.6 2.7

8.3 Exercises
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8.1 The dimensions of triangle ABCare AB=7 cm, BC=4cm and LACB = 120°.
Length b is given by:

A, b%2=65—-56cos120°; B,b2+4b+33=0; C,b%? —4b +33=0;

D, b2 = 65 + 56 cos 60°; E,b? +4b — 33 =0.

8.2 O is the centre of a circle and OP and OQ are radii. If OP =3 and PQ = 5
then the value of sin LPOQ is
A, 3. 4 7 D 5411

- Ba ) C, Py 3 ) Py .
5 5 T T E, none of these

8.3 The period of tan (30 +30°), 8§ €R, is:
A, 120°; B, 180°; C, 60°; D, 90°; E, 540°.

8.4 The four graphs shown are all drawn to the same scale. Graph (i) has equa-
tion y = sin x°. State the values of the numbers a and b.
Give the equations of the graphs (ii), (iii) and (iv).



YA

ma

0 4 ; = x (i) © —+— g x {ii)
a\/a a 23
b4
26—+
g VA
0 | x i) O AT T b o {iV)

8.5 ABCD is the square base of side 2a, of a pyramid with vertex V. If
VA =VB=VC= VD= 3afind

(a) the vertical height of the pyramid,

(b) the angle between VA and the horizontal plane,

(¢) the angle plane VAB makes with the horizontal plane,

(d) the angle between planes VAB and VAC,

(e) the angle between VA and BC.

8.6 With the usual notation for triangle A BC prove that

2 2 2
2bc

(assume that the triangle is acute-angled).

If two circles of radii 5 cm and 7 cm, centres C,; and C, respectively, intersect at
A and B, and C,C, = 10 cm, calculate

(a) LAC,Cy;

(b) area of triangle AC, C,;

(c) area common to both circles.

Give all answers to one decimal place.

8.7 In triangle ABC, AB =5 cm, BC = 6 cm, LACB = 41°. Show that there are
two possible triangles, A, BC and A, BC. Find the length of A, 4,.

8.8 ABCD is a rectangle with AB =7 cm, BC =5 cm. AA’', BB', CC' and DD’ are
perpendicular to ABCD, AA' =BB' =4 cm,CC'=DD' =6 cm. A'B'C'D' are all on
the same side of ABCD. 1f M is the midpoint of AB and N is the midpoint of B'C’,
find ZD'MN and the area of triangle D'MN.
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8.9 In the diagram, the chord CD cuts the circle, radius », centre O, into two
segments. CD subtends an angle 6 at the centre of the circle where 0 <0 <.
Write down an expression for the perimeter P of the minor segment. If the perim-

eter P is half of the circumference of the circle, show that 2 sin % =(r — 0).

Use a graphical method to find the value of 8.

8.4 Outline Solutions to Exercises

88

8.1 Use the cosine rule: 49 = b2 + 16 — 8b cos 120°.

b? +4p — 33=0. Answer E
9+4+9 - 125 7
82 0Q=3, =20 1
Q=3 cosa 18 18
sin2a=1—cosza=l—£=2—7—5;
324 324
= sinoz=5—\/—l—1. Answer D

18

8.3 Period of tan (n6) = 1 (period of tan 8)
n

Period of tan (36 + 30°) = % (180°%) = 60°. Answer C

84 a=180,b=—1.
(ii) 2 sin x°; (iii) sin 2x (notice 14 cycles in 360°);
(iv) sin (x — 45°).

8.5

(a) AC=BD = 2\/2a, height VN =+/(9a> — 2a) = ay/7.
(b) Angle VAN: cos LVAN = AN/VA = \_/39_ LVAN = 61.9°.

(c) M is the midpoint of AB. Angle between VAB and the horizontal is Z VMN.
tan LVMN = VN/NM =+/7; LVMN = 69.3°.

(d) Angle between VAB and VAC is % (angle between VAB and VAD)
=1 (LBXD) where X is the foot of the perpendicular from B to VA,



BX =2asin L VAB = 2 \/78 - 4\22 a.
From triangle BXN, sin LZBXN = BN/BX =2. [BXN =48.6°.
(e) Angle between VA and BC = angle between VA4 and AD.

Angle VAD = 70.5°.

8.6 By the theorem of Pythagoras:
Triangle BAD: BD? = ¢* — ¢? cos? A.
Triangle BCD: BD? =a? — (b — c cos A)?.
Equating givesa® = b? + ¢* — 2bc cos A.

ccos A b {b —ccos A)

(a) Cosine rule: cos LAC,C, = 25+ igg — 49

(b) Area of triangle AC; C, =+ (5)(10) sin (40.5)° = 16.2 cm?.

,LAC,C, = 40.5°.

(¢) Sine rule: SII L’S“QCI = S0 L“;Cl $2 s4c,c, =27.7°.
A
B

Circle centre C, : area sector AC; B = n(5)? L‘;%; =17.67 cm?.
Circle centre C,: area sector AC,B = 7w (7)? L—A?Fi =23.69 cm?.

Area common to both circles = sum of sectors — area AC, BC, = 8.9 cm?.
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8.7 By cosine rule, BA? =BC? + AC?* 2(BC)(AC) cos C.
= AC? —9.057(AC)+11=0,AC=7.61o0r1.45,A,C=1454,C=17.61,
A A; =6.16 cm.

8.8 From right-angled triangles, B'C' =+/29, C'N = /29, D'N=7.5.
PN=5 PM= 12'\/74 =4.301, MN =6.595, MD =6.103, MD' = 8.559.

NM? +MD'? — D
2(NM)Y(MD")

Area of triangle D'MN = $(MD"Y(MN) sin LNMD' = 23.8 cm?.

IAT2
By cos rule, triangle MND', cos LD'MN = N -, LD'MN =57.6°.




8.9 From the diagram (see Q. 8.9) chord CD = (2r) sin % , minor arc CD = rf.

. .. .0
Perimeter of minor segment = (2r) sin 5 +rf = 7r.

= 2sin Q=7r—6.
2

From the graphs of y = 2 sin % and y =w — 8,0 = 1.66 radians.

v A




9 Trigonometric Identities

and Equations

Knowledge and use of the formulae for sin (4 = B), cos (4 = B), tan (4 + B),
sin A % sin B etc. Identities such as sin® 4 + cos> A = 1. Expression of
a cos § + b sin § in the form r cos (6 £ «).

General solution of simple trigonometric equations, including graphical interpre-
tation.

9.1 Fact Sheet

92

(a) Pythagorean Identities

® sin? 4A+cos? A=1.
® tan? A+ 1 =sec? A.
® cot? A+ 1=cosec?® 4.

(b) Compound Angle Formulae

® Addition
sin(A £ B)=sin 4 cos B * cos A sin B,
cos(A £ B)=cos A cos B Fsin 4 sin B,

tan(A + B) = tan 4 *tan B
B l¥tanA4 tan B’

® Factor
sin 4 +sin B = 2 sin ( ) cos (A B)

sinA—SinBzzcos< ) <
) o (2)

cos A —cos B=-2sin (A;B> sin (Az >

® Product
sin 4 cos B = [sin(4 + B) +sin(4 — B)]/2,
cos A sin B = [sin(4 + B) — sin(4 —~ B)]/2,
cos A cos B = [cos(4 + B) +cos(4 — B)]/2,
sin A sin B = [cos(4 — B) — cos(4 + B)]/2,

cos A +cos B=2 cos <




(c) Multiple Angle

® sin24A=2sinA cosA.
® cos2A4 =cos® A —sin? A
=2cos?’A—1=1—-2sin? 4.

e tan 24 = —gta—nf—-

1 —tan® A

e COS2AE 1_+M
2

. sinzA“il—:gosz—A-

® sin3A4=3sinA4 — 4sin® 4.
® cos3A=4cos® A—3cosA.
(d) (r, @) Formula

® Ifa and b are positive,a cos @ £ b sin 0 =rcos (8 F ;)
bsinf tacosf =rsin(0 ta,).

b a .
® y2 =42 +p% tanq; = —,tan @, = b (r positive, «; and «, acute).
a

(e} ‘¢’ Formulae

_1—¢ _ 2t
,CosXx = X

® Ift=tan%,thensinx§

(f) Hints for Solutions

(i) When in doubt, or if more than two trigonometric functions are present,
change all of the functions into sines and cosines.
(ii) Compare left-hand side and right-hand side. If the angles are all the same, e.g.
all @, use the basic identities from Chapter 8 and the Pythagorean identities.
If the angles are different, use the compound angle formulae.
(iii) In identity questions, start with the more complicated side, and work on one
side at a time.

Worked Examples

9.1 If 2sin 6§ — 3 cos @ is expressed in the form r cos (8 — «), where r > 0 and
0 < o < 27, then « lies between

A, Oand n/2; B, 7/2 and 7; C, 7 and 37/2; D, 3n/2 and 2x.

L 2sinf —3cosl =rcos(f — )
=rcos 0 cosa+rsin 8 sin «.
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Equating coefficients of sin 8. 2 =r sin a.

Equating coefficients of cos 8, --3 =r cos a.

Since ¥ > 0. sin o > 0 and cos o < 0, o must lie in the second quadrant.
Answer B

9.2 Given that 5 cos § — 12 sin 8 = 13 cos (8 + 67.4°), which of the following
equations has/have solutions for § € R?

(a) Scosf - 12sin G =6: (b) 5cosf —12sin 8 = —10;
(¢) Scosf —12sinf=17; (d)S5cosf — 12sin§ = —13.
A, (a) only: B, (a) and (b) only; C, (¢) only;

D, (a), (b) and (d) only: E, (b), (c) and (d) only.

® Since f(6) =5 cos @ — 12 sin 8 =13 cos (0 + 67.4), then f(6) has a maxi-
mum value of 13 and a minimum value of —13 = 13 <f(6) < 13.
Equations a, b and d satisfy this condition. Answer D

9.3
(a2) Prove that cos 36 + sin 30 = (cos 8 — sin 8) (1 + 2 sin 26).

(b) If 2a cos 2x + b sin 2x + 2¢ = 0, where a # 0 and a # ¢, find an equation for
tan x.

State the sum and product of the roots of this equation, tan x, and tan x,,

and hence deduce that tan (x, +x,) = —b- .

2a

® (a) To prove

cos 38 +sin 30 = (cos 8 — sin 8) (1 + 2 sin 28):
cos 30 =4 cos® 6 — 3 cos B, sin 30 =3 sin § — 4sin3 6.
Lh.s.: cos 36 +sin 30
=4cos® § — 3cosf+3sinh —4sin’ 6
= 4(cos® 6 — sin® 8) — 3(cos § — sin )
= 4(cos § — sin §) (cos® 6 + cos 6 sin 6 +sin® §) - 3(cos § — sin §)
=(cos@ —sinB) (4 +4 cos 0 sin § — 3),
= cos 30 +sin 38 = (cos 0 - sin §) (1 + 2 sin 20).

(b) Given: 2a cos 2x + b sin 2x + 2¢ = 0.
2
cos 2x = 1 t2 and sin 2x = 2t -, where f = tan x.
1 +1¢ 1+¢2
e (1-1¢2) 2bt
Substituting: 2 S+ o 4+ 2=
ubstituting a i e I+ 2¢ = 0.

Multiply by (1 +¢2): 2a — 2at® + 2bt + 2¢ + 2¢t* = 0
t2(2c —2a)+2bt+(2a +20)=0
t*(c—a)+bt+@+c)=0.

Sum of roots: tan x; +tan x, = —b_ .
(c—a)

Product of roots: tan x; tan x, = @+o
(c—a)



tan (x; +x4) = tanx; +tanx, _ _ (c—a)
1 —tan x; tan x, 1_a+c
c—a

—b

- b
(c—a)—(atc) 2

9.4 Given that sin(4 — B) # 0, prove that

sind +sinB _ . (A +B> (A—B)
-~ = = g8in|{——/— ] cosec .
sin(4A — B) 2 2

Use this result to find cosec 15° in surd form.

+ B) (A — B) ,
cosec :
2
The product on the r.h.s. suggests the use of the factor formula for the
numerator on the Lh.s.

sind+sinB _ . (A
2L TV 2 =gin

® To prove —
sin(4A — B)

sin A + sin B = 2 sin <A ;B) cos (A 2_ B) (factor formula);
sin(A — B) =2 sin (A ; B) cos (A ; B> (double angle formula).
. (A + B) <A - B)
. . 2 sin cos
Therefore sind +sinB _ 2 2
sin(4 — B) 2 si A—B) (A—B)
sin 5 cos |

If i’—z‘—B = 15° then A — B = 30°.

Choose values for A and B which satisfy this condition.
Let A = 60°, B=30°, 4 +B=90°.

sin 60° + sin 30°

Then S 30° = sin 45° cosec 15°
v3 1
2 2 1 15°
= cosec
[V
2

V2 /3 +1)=cosec 15°
= cosec 15°=4/6++/2.
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9.5 Find, without using tables or a calculator, the value of

2
° <sin L — cos 5—”) = sin? %r — 2sin ~15~72—r cos1§2E + cos? %r

(sin2 BLs + cos? »5£> — sin EL
12 12 6

-3

1

= 5.

sin 26  sin 38 sin 460
and —

: s in terms of cos §.
sin 6 sin 6 sin

9.6 Find expressions for

® sin 26 =2sin 6 cos 6.
sin30 =3sin® —4sin® 0 =sin 6 (3 — 4 sin? 0)
=sin 6 {3 — 4(1 — cos?8)}
=sin 0 (4 cos® § — 1).
sin 40 = 2 sin 20 cos 260 =4 sin 6 cos 6 (2 cos? 6§ — 1).

From 1, Si],l 26 _ 2 cos§.
sin 0

From Q,M =4cos? 9 — 1.
sin

From 3, 31 49 _ 4cosB(2cos?0—1)=8cos® 8 —4cosh.
sin

9.7 Find the angles between —180° and 180° which satisfy the equations
(a) 3sin? 8 —2cos? =1,
(b) 3sin@ — 2 cos b =1.

® (a) 3sin? 0 —2cos? 6=1.

Using the identity sin® @ + cos®? 0 = 1,

cos? 0=1—sin? 6.
Substituting: 3 sin? § — 2+ 2sin® 6 =1,

Ssin? =3 = sinf = /2.

When sin 6 =+/%, 0 = (50.8° or 180° — 50.8°) + 360n°.
When sin § = —/%, 6 = (-50.8° or — 180° + 50.8°) + 360n°.
Therefore § = —129.2°, —50.8°, 50.8°, 129.2°.

(b) There are two standard methods for this question,
(i) ‘r’ substitution, (ii) (R, «).

2

1+1¢

()

(2)
3)

(i) ‘¢ substitution: sin 8 = 1%;—2, cosfd = 1_—1‘2 , where ¢ = tan % .

6t 20113 _
+12 1+¢2

Substituting: n

6r—24+2t2=1+1¢
t2+6t—3=0.



Solving: t = 0.4641 or — 6.4641.

When tan % = 0.4641, % =24.9° + 180n°, 6 = 49.8° + 360n°.
When tan % = 6.4641, g = 81.2°4+ 180n°, 0= _ 162.4° + 360n°.

Therefore § = —162.4° and 49.8° in the range —180° to 180°.

(ii) Let 3sin @ — 2cos§ =R sin (0 — «)
=R sin 6 cos @ — R ¢os 0§ sin a.
Comparing terms in sin 8, 3 = R cos a.
Comparing terms in cos 8, 2 = R sin a.
By division, tan o = %, Soa=33.7°.
R?=32+22 = R =+/13;
Therefore /13 sin (8 — 33.7°) =1

sin (6 33.7°) = 2

V13

6 — 33.7° =(16.1° or 163.9°) + 360n°.

Therefore 8 = (49.8° or 197.6°) + 360n°.
Therefore § = —162.4° and 49.8° in the range —180° to 180°.

=0.2774.

9.8 Solve the equations
(a) 3sinx —2sindx+3sin7x=0 for 0° < x < 180°.
(b) 3sin 2x =2 tan x for —180° < x < 180°.
(c) 8sin® x —6sinx=1 for 0° < x < 360°.

® (3a) 3sinx —2sin4x + 3 sin 7x = 0.

Since the first and third terms have the same coefficients, combine
them and use the factor formula:

3 (sin x + sin 7x) = 6 sin 4x cos 3x;
substituting: 6 sin 4x cos 3x — 2sin4x =0
2sin4x(3cos3x —-1)=0
= sin4x=0or3cos3x=1,cos3x=7%.
When sin 4x = 0, 4x = 180n°, x = 451° (n is an integer).
When cos 3x =, 3x = 360n° £ 70.5°, x = 1201° % 23.5°.
For 0° < x < 180°, x =0°, 23.5°,45°,90°, 96.5°, 135°, 143.5°, 180°.

(b) 3 sin 2x = 2 tan x.
Use ‘¢’ substitution:

sin 2x = 2 5 where ¢ = tan x.
1+¢
Substituting: l—f—’tz— =2 = 6r=2t428 = 2 _dr=0

U@ -2)=0 = t=0,4/20r —/2.
When tan x = 0, x = 180n°.
When tan x =4/2, x = 54.7° + 180n°.
When tan x = —4/2, x = —54.7° + 180n°.
For —180° < x < 180°,
x=—-180°,—125.3°, —54.7°,0°, 54.7°, 125.3°, 180°.
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9.9

(¢) 8sin® x — 6sinx = 1.
sin3x=3sinx —4sin>x = 8sin® x — 6 sinx = — 2 sin 3x.
Substituting into the equation: —2 sin 3x = 1, sin 3x = — 5.
When sin 3x = — 4, 3x = — 30° + 360%° or 210° + 3601°
= x=—-10°+120n° or 70° + 120x°.
In the interval, 0° < x < 360°, x = 70°, 110°, 190°, 230°, 310°, 350°.

(a) Find the general solution, in degrees, of the equation
sin x + sin 2x + sin 3x = sin x sin 2x.

(b) Find the general solution, in radians, of the equation
sin 28 + cos 20 =sin 8 — cos 8 + 1.

® (a) By the factor formula,
sin x + sin 3x = 2 sin 2x cos x.

Equation becomes

2 sin 2x cos x +sin 2x — sin x sin 2x = 0.

= sin2x(2cosx —sinx+1)=0.

Eithersin 2x =0,or2cosx —sinx + 1 = 0.
When sin 2x = 0, 2x = 180n°, so x = 90n°.
When 2 cos x — sin x + 1 = 0, then use either ‘z-substitutions’ or compound

angles.
2 cos x — sin x = r cos(x + «), where r =\/(22 +1%), and tana = 0.5,
soa=26.6°.

V5 cos(x + 26.6°)=—1 = cos(x+26.6°)=— ~\71§
= x+26.6°=360n°%116.6°,

x = 360n° +90° or 360n° — 143.1°,

x = 360n° + 90° is included in the earlier solution x = 90x°.

Hence general solution: x = 90n° or 360n° — 143.1° (n is any integer).
(b) sin 20 + cos 20 =sin 6 — cos 6 + 1

Hint: It would be convenient to get rid of the +1 on the r.h.s.
Either change cos 26 to 1 — 2 sin? 6
or change cos 20 to cos® 6 —sin? 6 and 1 to cos? 6 +sin? 6.

= 2sinfcosf+1—2sin? @ =sinfh —cosh +1
(or 2 sin 8 cos 8 + cos? 8 —sin? 6 =sin § — cos 8 + cos? 0 + sin® 6),
giving 2 sin 6 cos § — 2sin? @ +cos§ —sin 6 =0
= 2sinf (cosf —sinf)+(cosf -sinf)=0
= (cosf —sin®) (2sinf +1)=0.
Either
s

2sinf+1=0 = sinf=-05 = 0=n7r+(-1)"(._. g)’
or cosf —-sinf=0 = tanfh =1 = 0=n7r+%.

General solution: 8 =nm + (=1)"*! (%) or(4n+1) %



9.10 Obtain the general solution of the equation
sin 6° = cos &°
for 8 in terms of «.

® cos o’ =sin(90° — &°) or sin(90° + a°).
Therefore, sin 8° =sin(90° - o°) or sin(90° + «°).
= §=360n+ (90 — o) or 360n + (90 + o) where n is any integer.
=2 f#=0A4n+1)90 .

9.3 Exercises

9.1 The solution of the equation 3 sin x = - \/3 cos x, where -7 < x < IS

SRR

A? -, Ba - ) C) -

m
2

9.2 Show that cosec x + cot x = cot Ed

Deduce the exact values of tan 15° and tan 674° in rational surd form.

9.3 Given that 0° < 0 <360°, express 4 sin § — 3 cos 8 in the form r sin(6 + &),
where r is positive and —180° < o < 180°. Hence write down the greatest and
least values of this expression and state the corresponding values of 8 to the
nearest 0.1°.

9.4
(a) Prove that (i) sin 3x =4 sin x sin (E ) sin (T _ )

3 3

7/
(ii) tan 3x = tan x tan (E + x T
3 3
2t _ 1= _ 0

(b) Prove the formulae sin 8 = (15 and cos 8 1——2— where ¢ = tan 3

Hence or otherwise prove that tan 4 = cosec 24 — cot 24.

9.5 Given that 3 cos x +2 sec x + 5 =0, find, without using tables or calculator.
all the possible values of sin x and of tan? x.

sin SA)2 B (_c_(_)s SA
sin A

2
9.6 Prove that ( . ) =8 cos 24 (4 cos® 24 — 1).
cos A

9.7 Prove that sin 34 = 3 sin A — 4 sin®A4. Given that sin 3x = sin?x. find three
possible values for sin x.

Hence find all of the solutions of the equation sin3x = sin’y for
90° < x < 270°. Using the same axes, sketch the graphs of the functions sin 3x
and sin’x for 90° < x < 270°. Find the subset of values of x for which
sin 3x <sin%x.
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9.8 Given that a cos x — b sin x = 2 cos <~67f +x> , find the constantsa and b.

Write down the general solution of the equation /6 cos x —4/2 sin x = 2, giving
your answer in radians. (L)

9.9 Solve the equations
(a) cos3x + 2 cosx =0, for 0° < x < 360°;
(b) 4 cos x = cosec x, for m<x<m.

9.10 Find the general solutions, in degrees, of
(a) sin3x —sinx = % cos 2x,
(b) 4 cot 2x = tan x.

9.4 Outline Solutions to Exercises

9.1 3sinx = -—+/3 cos x;dividing through by 3 cos x gives

tanx=_—1 = x=_ T Answer C
V3 6 —
. . + 2 42
9.2 Using t = tan X gives cosec x = ,cotx = ! ,
2 2t
2 42
SO cosecx+cotx=1+t +1 ! =l:cot5.
2t 2t t 2
Put x = 30°: cosec 30° + cot 30° = cot 15°. But cosec 30° = 2,

o I 2 \/3
t30°=4/3 = tanl5°= = =2 —4/3.
< 4 o 243 (2432 /3) v
Put x = 135°: cosec 135° + cot 135° = cot 67.5°.

1

But cosec 135° =4/2,cot 135°=—-1 = tan 67.5°= T2 1 =y/2+ 1.

93 4sin@ —3cosf=rsin(f +a)=rsinf cosa+rcos b sin .

sin @ terms give 4 = r cos q, H

cos 6 terms give —3 =rsin a. (2)
From 1, cos « is positive, and, from 2, sin « is negative, so « lies in the fourth

quadrant.

tan o= —0.75, o = —36.9°.

r?=4? +(-3)? = r=5

= 4sinf — 3 cosf =5sin(d — 36.9°).

Maximum value = 5,

whensin(d —36.9°)=1 = 0 -369°=90° = 6 =126.9°.
Minimum value = —5 whensin(@ — 36.9)°=—-1 = 6 =306.9°.

9.4
(a) (i) 4 sin x sin (;r +x) sin (% — x) =2 sin x(cos 2x — cos ?)

=2sinx(1 — 2 sin? x +0.5)
=3 sinx — 4 sin® x = sin 3x.

(ii) Similarly, 4 cos x cos (g + x) cos (371 — x) = cos 3x.
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4sinxsin(7r +x) sin (7 —-x) i
3 = sin 3x

3
4 cos x cos (; + x> cos (g — x) cos 3x

Hence result.

Hence

(b) sin9=2sin§ cos g, cos § = cos? g — sin

From sketch, tan —§=t = AB=1,BC=t = AC=\/(1+12).

.6 _ t 0 1
sin — = — ~——— cos —

2 A+ 2 VL +2)’

hence results.

cosec 24 — cot 24 l !

sin 24 tan 24
2 2
S S AL ek where t =tan 4
2t 2t
=t
= cosec24 —cot24 =tan A.

9.5 3cosx+2secx+5=0 = 3cos’x+2+5cosx=0
= (3cosx+2)(cosx+1)=0
= cosx=—%or_1.

V5

sin? x=1-cos? x = sinx=i—§~ or 0.

tan®> x =3 or 0.

96 (sin 5A> : (cos 5A>2 _ (sin SA  cos 5A> (sin 54 4+ cos SA)
' sin A cos A sin A cos A sin A cos A

sin 54 cos A — cos 54 sin 4 ) sin 54 cos A + cos 54 sin A

sin 4 cos 4 sin 4 cos A
_ 4sin44sin 64 _ 8sin 24 cos 24 (3 sin 24 — 4 sin® 24)
sin 24 sin 24 sin? 24

8 cos 2A(3 — 4 sin® 24) =8 cos 24 (4 cos? 24 — 1).

9.7 sin 34 =sin 24 cos 4 + cos 24 sin A
=2sind cos* A+sind — 2sind 4
=3sinA — 4sin® A.
sin 3x =sin? x = 3sinx —4sin® x =sin? x
= sinx(4sin® x +sinx — 3)=0.
sinx =0o0r0.75 or —1.
sinx =0 = x=180n°.
sinx =0.75 = x=48.6° +360n° or 131.4° + 360n°.
sinx =—1 = x=270°+360n°.

In the range 90° < x < 270°, x = 131.4°, 180°, 270°.
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- sin 3x

90°

—1

sin 3x <sin? x when 90°<x <131.4° or 180°<x <270°.

9.8 acosx——bsian2cos(g+x> ={/3cosx —sinx = a=4/3,b=1.

V6cosx —y/2sinx=2 = 2,/2cos (%+x> =2

> Tiox=omzl
6 4
=> x=2nm—- T+ T
6 4
9.9
(a) cos 3x = 4 cos® x — 3 cos x,

so cos 3x + 2 cos x = 0 becomes
cosx(4cos?x —1)=0.
cosx=0 = x=90°+ 180n°.
cosx=0.5 = x=360n°+60°.
cosx =—0.5 = x=360n°+120°.
In the interval 0° < x < 360°, solutions are
60°, 90°, 120°, 240°, 270°, 300°.

(b) cosecx =

sinx

SO 4cosx=cosecx = 4cosxsinx=1

= 2sin2x=1 = 2x=mr+(—1)"£ = x=nt +(*1)”1.
6 2 12

In the interval —7 < x < 7, solutions are

11 7 1 5

TR "1

X = — - .

9.10
(a) sin 3x — sin x = 2 cos 2x sin Xx.
so equation becomes cos 2x(4 sinx — 1) = 0.
cos2x=0 = x=45°+90n°;
sinx =025 = x=(-1)" (14.5°) + 180x°.
So general solution is
x=45°+90n° or (—1)" (14.5°)+ 1801°.
(by4cot2x=tanx = 4 =tanx tan 2x.

Put ¢ = tan x, then tan 2x = llﬁ , and equation becomes

44 =27 = r=x/3).
When tan x =4/(%), x = 39.2° + 180n°.
When tan x = —\/(-_3;), x=-39.2°+ 180n°.
General solution is x = 180n° + 39.2°.
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10 Parametric Equations

10.1

Expressions of the coordinates (or position vector) of a point on a curve in terms
of a parameter.
Loct with simple equations in Cartesian and parametric forms.

Fact Sheet

(a) Parametric Form
Definition: When the equation of a curve y = f(x) is expressed as x = x(¢), y = y (1),

these are the parametric equations of the curve. The independent variable ¢ is the
parameter.

(b) Gradient in Parametric Form

_ _ . dy _ dy . dx
If x =x(2), y =y (t); then the gradient =< = =< +~ ==
(£).y =y (1); then g i ar dr

- dy dr

dr dx

(c) Circle

® x2+y2=y2 = x=rcost, y=rsint.

® (x—a))+(—b)Y2=r* = x=a+rcost,y=b+rsint.
(d) Parabola

® 2 =4ax = x=at’,y=2at.

(e) Ellipse

2 2
x i
° 2+y =1 = x=acost,y=bsint.
a 2

Qﬂ

(f) Rectangular Hyperbola

® xy=c? = x=ct,y=
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10.2 Worked Examples

10.1 A curve is given parametrically by x = 2, y = t3. Find the equation of the
tangent at the point with parameter ¢. If the tangent at P (p?, p>) meets the
curve again at R find the coordinates of R and the equation of the normal

at R.
o Ifx=72, then ¥ =2 =7 then % =32,
2
But Q:(.d_y g = dl:ﬂ_:ﬁ. (1)
dx dr dx dx 2t 2
Therefore the equation of the tangent at (¢2, £3) is
y—13= ? (x—1t) = 2y -28=3tx—-3 = 2y=3tx—13.

When the tangent at P, 2y = 3px — p3, meets the curve at R
thenx=ry=r = 21 =3prt — p3,

v

0 X
ie. 2r* —3pr? +p3 =0.
Two roots of this equation are r = p (twice — because of the tangent
at P).
Hence 2P —=3prr +p3=0 = (r—p)?Qr+p)=0,
. ‘ 2 3
i.e. at the point R, r= —p/2 = R is the point (% , — %) .
The parameter of Ris r = _—2_p )
Therefore at R dy _3r . ;3£
dx 2 4
The gradient of the normal at R is o4 )
-3p/4  3p

. . p3 4 2

The equation of the normalatRisy — | — &} = - [ x - P .
8 3p 4

ie. 24py = 32x — 8p% — 3p*.
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10.2 A curve is given parametrically by the equations

1 1 _ ({4 1
A—2<t2+t2>,y—§<t —t—2>, (t #0).

(a) Find the Cartesian equation of the curve.
(b) Show that x = 1 for all «.

(¢) Find the equation of the tangent at the point P with parameter p.

° = — [+ = _ —
@ ¥ 2( z2>’ d 2<t t2>'

Adding gives x + y = %, subtracting gives x — y = tl_z .
Multiplying: (x + y) (x — y) = 1.
Cartesian equation is x* — y? = 1.

(b) From (a), x> = 1 + »? and x > 0 from the parametric equation,
for all .

ie.x2>=21 = x=>=1

(¢) From the Cartesian equation, 2x = 2y % ,

dy_x_ 2 1 ;(2 1)_{4"1'1
===+ F|rF - 5= .
x y ( t2) 2] -1
Equation of the tangent is
1 (. 1)_(z4+1) 1/, . 1
L R I LT A P
Y 2( 2) T F-n | 2 7
2 - Dy —3@ - D=0+ Dx— 304 + D2

ie. (f — Dy=(@*+ Dx — 212,
AtP,t=p = tangentis(p?® — )y =(p* + 1)x — 2p°.
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10.3 Show that the equation of the tangent to the parabola y? = 4ax at the point

P(ap?, 2ap) is py = x + ap*.
If the chord PQ passes through the point S(a, 0), prove that the tangents
at P and Q intersect at right angles on a fixed straight line.

® At a general point on the parabola with parameter ¢,

x=at? = d—x=2at, y =2at, = d—y=2a.
dt d¢

VA

{ap?, 2ap)

<

But (@) (d) L b2
dx dt dx

The equation of the tangent at (az?, 2at) is

y - 2at= tl(x—atz) = ty=x+at?.

At P, t = p, tangent is py =x+ap?. (O
At Q, t =g, tangent is qy =x+aq*. )

At the point of intersection equations 1 and 2 are satisfied simultaneously.
Equation 1 — equation 2 gives py — qy = ap® — aq?.

yip—-q@=alp—q)(ptq) = y=a(ptq) (p#q).

Substitute into equation 1: ap(p + q) = x + ap?, so that x = apq.
Tangents at P and Q intersect at T [apq, a(p + q)].

Since the chord passes through S, then the gradient of PS is equal to the
gradient of SQ;

e 2ap  _  2aq - p - 4

ap* —a  aq® —a p: -1 qg*> -1

= p@-D=q(p* -1) = pg*> —qp*=p—q
= pgq—-p)=p—q.
Since p # g, divide by (g — p), = pg=-1.

But the tangents at P and Q have gradients 1 and 1 , respectively.
p q

The product of the gradients = 1o —1.
bq
Hence the tangents intersect at right angles.

The coordinates of T become [—a, a(p + q)].
Hence T lies on the line x = —a for all values of p and q.



10.4 The line ty = x — 2t* meets the curve y = 2/x at the points A(x;,¥,) and
B(x,.y,). Form a quadratic equation in y with roots y, and y, and hence
find the coordinates of the midpoint M of AB in terms of t.

Find the x. y equation of the locus of M.

Calculate
(a) the values of ¢ for which A and B are real, distinct points.
(b) the value of ¢ for which A and B are coincident.

Sketch the curve xy = 2, the line ty = x — 2¢? using the value of ¢
obtained in (b), and the locus of M.

° ' ty=x — 212, (D

y=2/x, hence xy = 2. 2

The coordinates of 4 and B satisfy both of these equations.

From equation 1, x = ty + 2¢2. In equation 2, y (¢ty + 2¢*) = 2,

ie. ty? +2t2y - 2=0. 3)
Roots of this equation are y; and y, where y; +y, = —2¢.

Midpoint M of AB is <(x1 fx) Oy ;n))_

Therefore at M, y = —¢.

Substituting into equation 1: 2 =x — 2¢%, x =¢2.
Hence M has coordinates (2, —¢).

Parametric equation of locus of Mis x = %, y = —t.
Cartesian equation is x = 2.

(a) For A and B to be real distinct points, equation 3 must have real
distinct roots, i.e. discriminant is positive,
ie. 4% + 8t >0,

4t (32 +2)>0,

ie. t>0 or <(=DV3=_ )3,
_ (2)1/3 O
a4t - — +
3 +2 - + +
4t (13 + 2) + - +

(b) When 4 and B are coincident, chord AB becomes a tangent and equa-
tion 3 has equal roots, i.e. discriminant = 0,

= 41* +8¢=0, t=0or(=2)13,
When ¢ = 0, equation 1 becomes x = 0, which is the y-axis. This is
not a tangent for real finite values of y.

Therefore the line is a tangent when ¢ = (=2)¥3 = _21/3
Equation of tangent is x + 21/3y = 25/3
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y =2/x

Locus of M

|
1—-
P

i i I 1 | i
1 T T T T Lol e
-3 -2 -1 0\ 1 2
\
4 \\ L x+ 21/3 y = 25/3
~
\\T‘
I

Locus of M

10.5 In each case eliminate the parameter ¢ from the two equations to give an
egquation in x and y:

2t

(a) x=m§9

(b) x=3+2sect,

(¢) x=4sin? tcost,

2t

YT i¥se

y=4 —5tan ¢,

y =4sin t cos? ¢;

el +e !t el —e
d) x= -, =
(d) x 3 y 3
o (2) x= 2 2

1+3° Y 1+

Since x and y have a large common factor, find Xor?,

Yy x
= ¢t. Substitute into the x equation:

3 o)
Y - <y
x(1+ =) ==
( x3> X

% I

Multiply by x2: x3 + 3% =2xy.

(b)x=3+2sect;y=4—5Stant.

Use the basic trigonometric identity sec? r = 1 + tan? r.

4—y

sect=x—_—3, tant= ——,
2 5

= (X—‘3)2 =]+(4_y)2
4 25
= 25(x —-3)? —4(4 — »)? =100.
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() x =4 sin® t cos t, (1

y =4 sin f cos? ¢, )
Vi?+y?) .
x R N 2
y cost
! 2 y2
v From the sketch, sin* t= ———,cos® t= =
xX“ty x“ty

From equations 1 and 2, x? + 2 = 16 sin? ¢ cos? #(sin® ¢ + cos? 1)
16 sin® t cos? ¢

16x?%y?
= (x* +p?)% =16x2y2.

t+ -1
(@ x=2"° (1)
2 .
el —e!
= L 2
y 3 (2)
Add equations 1 and 2: x + y = e'.
Subtract 2 from 1: x — y =e 7.
Multiply: (x + ¥)(x — ) =) (e =1

> X2 _y2=1,

10.6 Prove that the equation of the normal at the point (ct, %) on the rectan-
gular hyperbolaxy =c? is 2x—y —ct3 + -;: =(,

The normal at a point P on the hyperbola xy = ¢ meets the x-axis at 4, and

the tangent at P meets the y-axis at B. Show that the locus of the midpoint

of AB as P varies is 2c2xy = ¢* — y*.

e Using the parametric equation of the hyperbola,

x:Ct’ %:c; y:E, Qz__i; d_yz Q><£)=4i
dt t’ dt t? dx dt dx £?
Gradient of the normal = — g_x =2,
Y

Equation of the normal at Pis

yf?c=t2(x—ct) = tzx—y—ct3+7c=0,

_ 1 c\_c( -1 c(t* - 1)
AtA,y—O,x—t—2 <ct3—?>— - A — 5 ,0).

Equation of the tangent at P is

y—7=—;15(x—ct) = x+t%y=2ct.

AtB,x=O,y=276 - B (—2[5)
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4
Midpoint of AB is M, ("(’—Q , 5) .
283 t

Parametric equations of the locus of M are

c(rt — 1
X = _i_zté*) , (1)
ye (2)
From equation 2, ¢ = <
. . .y 3 c*
Substitute into equation 1: 2x = = c<—4 — 1) .
y y

Hence the locus of M is 2¢2xy = ¢* — y*.

10.7 Find the equation of the tangent to the parabola y? = 4ax at the point
P (ap?, 2ap). If the tangentsat P and Q, with parameters p and q respectively,
intersect at 7, find the locus of T, given that PQ is of constant length /.
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10.3 Exercises

10.1

® Parametric equations of the parabola x = af?, y = 2at:

gﬁ = Dat g')f :\za, d_y = (Q) d_t =_1_.
d¢ dt dx d¢ dx t

Equation of the tangent is

2

y — 2at = tl(x—atz) = ty=x+at?.

Tangent at Pis py =x+ap*.
Tangent at Q is qy = x +aq*.
Solve simultaneously to find the coordinates of 7.
Subtracting equation 2 from equation 1 gives

yip—-q@)=alp*—q*) (p#FQ

y=alp+q).
Substitute into equation 1: ap(p + q) = x + ap?
X =apq.
T has parametric equations X =apq, y=a(p+tq).

(Length of PQ)* = (ap® — ag*)* + Qap — 2aq)*.
12 :a2(p2 _q2)2 +4a2(p_ q)2
=a*(p—qP (p+q) +4].
But (p — q)* =(p+q)* - 4pq.
Therefore ?=a?{(p+q)* —4pqll(p+q)? +4].

From the parametric equations of T, pg = X ,(ptqg= by
a a

2 a2

2 2
Substitute into equation 3: 12 = a? (I— — ﬂ) (Z— + 4) )
a a

Multiply by a?: a?1? = (»? — dax) (y? + 4a?).
Hence the locus of T'isa?1? = (y? — dax) (y* + 4a?).

(a) Find the Cartesian equation of the curve with parametric equations

(b) Find the equation of the tangent to the curve given parametrically by

x=a(t+cost), y=a(l —sint),at the point where ¢ =

x=3cost— 2, y=5—-2sint.

Sketch the curve for 0 < ¢ < %

INE

(h
2)

(3)

10.2 Find the equation of the tangent to the curve given parametrically by
x = 3f%, y = 4¢. Find the point of intersection T of the tangents at points P and
Q with parameters p and g respectively. If PQ subtends a right angle at the origin
find the locus of T in Cartesian form.

10.3 Find the equation of the normal to the rectangular hyperbola at P (cp, f—).
p
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If the normal meets the rectangular hyperbola again at Q <cq, g) find g. Write

down the equation of the circle on PQ as diameter. If this circle intersects the
rectangular hyperbola again at R, find the parameter of R.

t2
T+

10.4 A curve is given parametrically by x = y=

t
1+
Find (a) the Cartesian equation of the curve,

(b) the equation of the tangent when ¢ = 3.

10.5 In each case eliminate the parameter ¢ from the two equations to give an
equation in x and y:
(@) x=2t+3, y=¢*+5t+3.
(by x=42 +3t+1, y==¢.
(c) x=3+sin’? ¢, y=4-2cos®t.
(d)x=2+sec? t, y=3+2tan®¢.
(e) x = _t_ y= .__22_ .
32 — 4’ 32 -4
Sketch the graphs of (a) and (d).

10.6 The tangents at P(a cos ¢, b sin ) and Q (a cos z, b sin z) to the ellipse
2 2

_x-z- + Lz = 1 intersect at point T. Find the coordinates of T.
a b
2 2
If z=¢+ L prove that the locus of T'is > + 2 =2.
2 a b

10.7 A curve is given parametrically by the equations

=1 =11
x—2<t+t),y 2<t t) (t #+0).

(a) Find the Cartesian equation of the curve.
(b) Find the equation of the normal to the curve at the point P with parameter p.
(c¢) Find the parameter of point R, where the normal intersects the curve again.

10.4 Outline Solutions to Exercises

10.1 (See diagram at the top of the next page).
x+2 . 5—y
a) cost = ——, sinft= —=
(a) 3 sin 3
Equation 4(x + 2)% + 9(5 — y)? = 36.
Ellipse, centre (—2, 5), major axis length 6, minor axis length 4.

dx _ . dy dy —cos t
b) — =a(l —sin¢), = = — st = = = """
®) g =4 ) gp T Taco dx 1—sint
When =T, x=a(—7£+——\/2), y=a<1~—\/2>, dy -l )
4 4 2 2 dx /2-1

e+ -G foe(s )
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or y(\/31)=x+a<%~2+2\/2)‘

y A
(-2, 7)
— el e, 7+
- —
~
// t= 3r N,
/ 2
/ T
(-5, 5) * [} 5+ (1,5)
t=n \ (—=2,5) t=0
\
N 4T
\\ /
~—— 3+
(-2, 3)
=7 1
t 2 2
11+
L H 1 - I B
T T T T T _—
5 4 -3 -2 -1 0

dy _ 2 - 2
102 == = = |t t 3ty =2x + 61°.
ix 31 angent 3ty = 2x

v A

|
Locus of T ——=y

i P
| (3p?, 4p)
|
16 | 0 -

-3 |

|
-
(3pqg, 2(p + qg)) (3g7, 4q)
Q

|
|
i
|
|
|
|

At P, 3py =2x+6p%. At Q,3qy =2x+ 6¢>.
AtT,x=3pq,y=2(p+q).
4

Gradient OP = 4 , gradient 0Q= — = 16=-9pq.
3p 3q

At T, x=— %é , i.e. locus of T is the line x = —



10.3 Normal at P,y = p?>x — cp® + <.
p

vk

(cq, 5) satisfies equation of normal, = g¢g= % .

Circle on PQ as diameter (x — cp) (x — ¢cq) + ( - f) (y — E) = Q.
b q

Passes through (cr, 5) = (r—pr-q+ (%_ l)(l — l) =0Q.
r

b/ \r q

= (r—p)r—q)r*pg+tl) =0.
r#p,r¥q = r’pg+1=0.

Butpg= —L = r=%tp, r¥p = r=—p.
bq e

10.4
3
(a) 2 = ¢ Substitute in the x-equation: x (1 + 13—) =2
x x°/ X
Multiply by x2: x3 +33 =xy.
dx _ 1-28 dy _ t2-13) dy _t(2-13)
(b) =i, e=eo 2 o e B
dt (1+¢£) et (1+¢%) dx (1 -283)
d
When ¢ =3, x =73, y=%, Y=z

dx
Tangentisy — 5% = & (x — %) or 53y =75x+09.

10.5

2
(a)t=£—2—'_—3’y=(x;3) +5(x2—3)+3

4y =x? + 4x — 9. (See the diagram at the top of the next page.)
b)yx—4y=3t+1 = (x—4y —1)2 =912 =9y,
(¢) x — 3 =sin? ¢, y—;i=—coszt = 2c-3)—-(y -4 =2

= 2x—y=4
Line segment: 3 < x <4, 2<y <4.
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(dysec? t=x—-2, 2tan? t=y -3, = 2(x—-2)=y—3+2

= 2x-—y=3.
Half line: x =3,y 2 3.
v A
10+
2x —y =3
51
,(3,3)
/
/
# | — = x
ol / 5 10
/
Y/
/
5+

2
@2 =2, 2 =4, butr = P = 32 _2y=l6x?,
X X

10.6 Tangent at P is xcost p ysint . 1,atQis XS24 YSINZ _y

a b a b
Intersection when these are solved simultaneously:
_a(sinz —sin ?) _ b(cost — cos z)
sin(z —¢) sin(z — 1)

Ifz=¢t+ %, x=a(cost —sint), y=>b(cost+sinf).

X2 2 ' ) )

X + 2 =(cost —sin £)* + (cos t +sin 1)? = 2.

a*>  b?
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v A

by/2 T

—av/2

Locusof T

—by/2

10.7
(a) Add: x+y =t Subtract: x — y = tl Multiply: x? — y? = 1.

Y A

2 +1
G

2—
At P, y=p 1,

d
(b)dx

_pt+l dy _ p*+1
x= , = = .
2p dx p* -1

Normal is 20(p? + Dy — (p* — D (P> +1)=-2p(P* — Dx+p* — 1
= 2p(p* + Dy +2p(p? — Dx =2p* — 2.
Al - 1)
2k 2r

2(p* + 1) (? = D+2p(p* — DO + D =2r(2p* - 2)
= p’rP+r(l —p*)—p =0

>

Meets the curve again at R (
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This is a quadratic in . One root is p.
. .= =1
Product of roots is —21 , = secondrootis —— .
P

1

Parameter of R is — — -
p
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11 Vectors

11.1

Vectors in two and three dimensions. Algebraic operations of addition and multi-
plication by scalars and their geometrical significance. The scalar product and its
use for calculating the angle between two coplanar lines. Position vectors: the
vector equation of a line in the formr=a+tbandr=ta+ (1 — )b

Fact Sheet
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(a) Algebra

® A vector a has magnitude or modulus lal=a and direction & (whered is a
. . _._ a
unit vector): a=agidora= ik

® If A is any positive scalar then Aa has magnitude Aq and direction 4. If A is
negative then Aa has magnitude | Ala and direction —4, i.e. in the opposite
direction.

(b) Position Vectors
If O is an origin then OA is the position vector of A relative to Q. The usual
notation is OA4 = a, OB = b etc.

(c) Displacement Vectors

If OA = a and OB = b then AB is the displacement vector from A to B, and is
given by AB=b — a.

(d) Ratio Theorem

® If OA4 = a and OB = b, then the position vector of the point P which divides
na+ mb

ABintheratio m:n isOP=p=
m+n



® [f m and n are both positive, P, lies between A and B. If m is positive and

n is negative, P, lies on AB produced. If m is negative and » is positive, P;
lies on BA produced.

Py A Py B

+ 3
=T T

P,

(e) Equations of Lines

If a line is drawn through a point A, parallel to the vector b, the position vector of
any point P on the line is given by r = a + b, where ¢ is a parameter.

From the ratio theorem, putting

=1-—tand 2 = t, the position
m+t+n
vector of any point on the line AB is given by r=fa+ (1 — )b

r=ta+{1—tlb
o

(f) Cartesian Components

i, j and k are unit vectors in the positive directions of the x, y and z axes, and are

called base vectors. A point P with coordinates (x, y, z) has a position vector
X

r=xityjt+zkorr =< ¥y ) or occasionally (x, y, z) (see Worked Example 8).

z

(g) Magnitude or Modulus

The magnitude or modulus of the vector r = xi + yj + zk is{/(x? + p? + z2).
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(h) Scalar Product

The scalar product of the vectors a and b is written a * b and defined
a*b=lallblcos® =ab cosd where 8 is the angle between a and b.
(1) If a and b are parallel thena « b=ab.
(i) fa=bthena-b=a-+a=a2%.
(iii) If a and b are perpendicular thena « b= 0.
(iv) If a and b are given in Cartesian form,a=a ;i +a,j+az;k,b=5b;i+ b,j + b3k,
thena+b=a; by +a,b, +asb;.
(v) If the angle between the vectors a and b is § then

a1b1+a2b2 +a3b3 = a'b
ab ab

cos 8 =

(i) Projection

The projection of a on b is the resolved component (or resolute) of the vector a in
the direction of b and equalsa * b=a cos 6.

acos

ON is the projection of
aonb

11.2 Worked Examples
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11.1 Find a unit vector which is perpendicular to the vector 4i + 4j — 7k, and

to the vector 3i — 2j + k.

® [ et a vector which is perpendicular to the given two vectors be pi + ¢j + rk.

(06

= 4p+4q —Tr=0
and
3p—2q+r=0.
Solving equations | and 2 simultaneously,
4p+4q —T7r=0
6p —4q + 2r=0.
Adding: 10p —5r=0 = r=2p.

(1)
(2)



Substituting into equation 2:
3p-2g+2p=0 = g=3p.

Any value of p may now be chosen.

Taking p = 2, we have 2i + 5j + 4k is a vector perpendicular to the two
given vectors.

Thus the required unit vector is
2i+5j+4k  _ 2i+5j+4k
V(22 +5% +4%) V(45)

11.2 Find the unit vector a parallel to the vector a = 3i — 2j + k. Determine the
length of the resolved part of the vector b= 3i + j + 2k in the direction of a.

3i—2itk  _ 1
VBT +22+1%) /(14

b * 4 = length of resolved part of b in the direction of a

3 1 3
(i) T (”?

o i=2= (3i — 2j + k).
a

1 9
=— _(9-2+2)=——
Vv (14) V(14)
: 9
= resolved part of b has magnitude .
D g \/(14)

—

2
11-
113a= ( p) is a unit vector. Which of the following could be the value of p?
9
—1i

@ -%; G @i -

A, (i) only; B, (i) and (iv) only; C, (iii) only;

D, (ii) and (iv) only; E, none of these.

® The magnitude of ais/[(F)? + p? + (- F)?]
=G +p* + ).
But a is a unit vector so the magnitude of ais 1.

Therefore 1 = &5 + p2.

-3 _
2= p=tf.

pT=1nnLp Answer D

b 3
11.4 Which of the following values of x and y make the vectors ( y) and (4)

5 2
perpendicular?
DHx=-2,y=-1; ({x=0,y=3%; (iDx=-6y=2.
A, (i) only; B, (ii) only; C, (1) and (iii) only;

D, (i), (i) and (iii); E, (ii) and (iii) only.

® [f the vectors are perpendicular then their scalar product is zero.

X 3
y ]l 4]=3x+4y+10=0.
5 2
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Test the values given in (i), (ii) and (iii):
DH3x+4y+10=-6 -4+ 10=0;() is correct.
(i) 3x+4y+10=0+ 10+ 10 = 20; (ii) is incorrect.
(iii) 3x + 4y + 10 = —18 + 8 + 10 = 0; (iii) is correct.
Answer C

2
11.5 ABCD is a trapezium where AB is parallel to DC, If AB represents ( 5) and

. p 3
DC represents ( q>, which of the following must be true?

r
@r=3;(()p:r=2:3;(ii)2p+5¢ +3r=0;(iv) 2p + 5S¢ + 3r=1.
A, (i) only; B, (ii) only; C, (iii) only;
D, (ii) and (iv) only; E, none of these.
® If AB is parallel to DC, 2=2:=3 5 p:r=2:3.

p q r

Answer B

11.6 The non-zero vectors p, q and r are such that p + q and p — q are respectively
perpendicular to p + r and p — r. Prove that p is perpendicular to q + r.
If the ratios of the magnitudes of the vectors p, q, r are respectively
1:2:3, find the angle § (0 <0 < m) between the vectors q and r.

® If p+ qis perpendiculartop +r,
(ptq@ (p+tnN=0
= p’+q pt+tp r+q-r=0. (D
Similarly,
pP—qp-p-rr+q-r=0. (2)
Subtract equation 2 from equation 1:

2(q-ptp'n=0 = p-(q+n=0
= pis perpendicular toq+r.

Adding equations 1 and 2 gives:

2p* +q°1=0 3)
Ifp:gq:r=1:2:3thenletp=k,q =2k and r= 3k.
Equation 3 gives k% + (2k)(3k) cos 8 = 0.

Thus cosf = —+, 8 =1.74 radians.
Hence the angle between q and r is 1.74 radians.

11.7 In triangle ABC, E lies on BC with BE/EC =%, F lies on CA with CF/FA =%,
and G lies on AB produced, with GB/GA =+. The position vectors of A,B
and C relative to an origin O are a, b and c respectively. Determine the
position vectors of E, F and G in terms of a, b and ¢ and deduce that E, F
and G lie on a straight line.

® If BE/EC =% then BE =

Position vector of E, e



CA.

YIS

CF/FA=% s0CF =3%CA. F.
+

Position vector of F, f =3¢+ 2

a.
GB/GA =4%,s0BG/GA=—-+ = BG=-BA,GA=2BA.

Position vector of G, g =2b — a.

Displacement vector FE =e —f=2b+%¢c —%¢c -2

—Za+2b—$c

=_-3(Ga—-1b+20).
2b—a-3b—3c

Displacement vector EG =g — e
=_a+Zb—2%c
= _(a—Zb+%c).
Therefore FE =3EG.
Hence E, F, G lie on a straight line.

11.8 The lines /; and /, are given in the parametric forms:
r, =a, +4, by, where a; = (3, 2, 1),
r, =a, +£,b,, where a, = (2, 3, 2),

Show that /, and [/, are perpendicular.

by =(1,2,2);
b, =(2,1,-2).

Find the values of ¢, and ¢, if the vector r, — r; is perpendicular to each

of the given lines.

Hence find the length of the common perpendicular of /; and /,.

® r,=a, + b, represents line /;, with direction b, .
Similarly, direction of [, is given by b,.

b; * by =(1,2,2)- (2, 1, =2)=(D(2) + ()(D + (2)(-2) = 0.

Iy

Hence b, is perpendicular to b,, and so /; is perpendicular to/,.
If r, —r, is perpendicular to /; then(r, —r;) * b, =0

= 1, by =1 * by
= (a, +1,by)b; =(a; +¢,b;) b,
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= a, *b, +£,b, +b, =a; *b; +¢;b; * b;.
Butb, *b, =0 = b, *(a, —a,)=1,b}
= (1,2,2) - (=1,1, D) =12 (12 +22 +2?%)
1+2+42=9¢, = =%,
Similarly, (xr; —1;) * b, =0.
= 1, *by=r *b,
= (a; +1;by) by =(a; +£;b;) b,
= a, *b,+1t,b, *b, =2, *by +#,b; *b,.
Butb, *b,=0 = b, *(a; —a,)=1,b3.
= (2,1,-2)- (1,1, =D =1, (2% +12 +(=2)%).
9,=2-1+2=3 = t,=1%.
Point M on [; is given by

rl =(3)2a 1)+%(1523 2)=%(109 8’ 5)
Point N on [, is given by
I =(2>3>2)+%(2> 1>_2):%(8> 10> 4)3

and displacement vectorr, —r; = $(-2,2, —1).
Magnitude of displacement vector

lry, — 1y lz\/{(—%)z + (3 +(—%)1)=1.

Hence the length of the common perpendicular is 1.

11.9 The point A (1, 4, 3) has position vector a relative to the origin O, and the
point B (2, 1, 3) has position vector b. The line [, is given by
r=a+s(2i —j+ k); the line /, is given by r=b + #(3i +j + 2k). Show that
the lines /; and /, intersect and state the coordinates of the common point.
Prove that AB is perpendicular to /,.

® Two lines intersect if there exist values of s and ¢ which will give the same
position vector r for lines /; and /5.

I +2s
Forapointonlinel/,, r, ={ 4 -5 }.

3+s
2+ 3¢
Forapointonlinel,, r,={ 1+¢ |
3+2¢
Ifr, =r,, 1+2s=2+3¢; (1)
4 -5 =1+¢ 2
3+s =3+2¢. 3

All three equations must be satisfied if the lines are to intersect.
Solving equations 2 and 3 by adding:
7=4+3t = f(=1.

Substitute into equation 3: 3 +s5=3+2, = s=2.
Check in equation 1: Lh.s., 1 +2s=5;r.hs., 2+ 3¢t=5.

Therefore ry =r, whens=2and ¢t = 1.

The lines I; and /, intersect at (5, 2, 5).

2 1 1
Displacement vector AB =b —a= ( 1 ]— 4) = (—3).
3 3 0



AB is perpendicular to [, if AB is perpendicular to 3i + j + 2k, i.e. if the
scalar product is zero.

Scalar product = (1)(3) — 3) (1) + (0)(2)= 0.
Hence AR is perpendicular to [, .

11.10
(a) Use the scalar product to find the angle (to the nearest degree) between
3i—j+2kand2i+j— k.
(b) The three vectors 3i — j + 2k, i + aj — 2k and i + bj + ck are mutually
perpendicular; find a, b and c.

® (a) Scalar product u * v = up cos 8, where 8 is the angle between u and v.
Bi—j+2kK) 2i+j—-k=6-1-2=3,
u = magnitude of u =4/(3% + 12 + 22) =,/14.
v = magnitude of v=4/(2% + 1? + 12) =, /6.
Therefore cos§ = 2~V = 3 = §=71°

uy VvV (14)%/6

(b) If w and v are perpendicular, u - v=0.
Bi—j+2k)-(itaj—2k)=0.
= 3-_g—4=0 = aga=-1.

Gi—j+2k)-(i+bj+ck)=0 = 3 _b+2c=0, (1)
(i+aj—2k)+ (i+bj+ck)=0 = 1+ab—2c=0. 2)

Put a = —1 into equation 2 and solve giving

a=-1,b=2,c=—%.

11.3 Exercises

11.1 If i, j and k are mutually perpendicular vectors, and
A=i+2j+3k, B=3i+k, C=-2i+3j,

Calculate | A + 2B — Cland B *+ (A — C). Find a vector of length 24/26 perpen-
dicular to A and B.

11.2 Given that A and B have position vectors
a=i+2j+3k  and = _2i+5j—k
respectively, determine AB, | ABland the direction ratios of the line AB.

2a 2
11.3 The resolved part of the force ( 6a ) N in the direction of (—1 )is 14 N.
—6a 2

Find the value of a.
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11.4 The non-zero vectors p, q and r have equal magnitude k and make angles 7/3
with each other. Prove that the vectorsp+q—r,p —q+rand —p + q + rare
mutually perpendicular and have magnitude ky/2.

OP, OQ and OR are three concurrent edges of a parallelepiped, given respec-
tively by the vectors p, q and r. Interpret the above result in terms of the parallel-
epiped.

11.5 The lines /, and [/, are given by

C) = (0

respectively. Show that the lines /; and /, are skew and find the acute angle
between them.

11.6 Use a vector method to show that the medians of a triangle intersect at the
point of trisection of the medians nearer the base.

11.7 PQRS is a quadrilateral. The midpoints of PQ, QR, RS and SP are A, B, C
and D respectively. Prove using vectors that ABCD is a parallelogram.

11.8 A, B and C have position vectors a, b and c respectively. P divides AB in the
ratio 1 : 3; Q divides BC in the ratio 3 : 2. Write down the position vectors of P
and Q.

If AQ and CP intersect at R, find the position vector of R.

If BR and AC intersect at .S find the ratio A4S : SC.

11.9 AB is the diameter of a circle centre O and P is any point on the circum-
ference. Use vectors to show that L APB = 90°,

11.4 Outline Solutions to Exercises
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11.1 |A+2B—CI=I9i—j+5kl=\/(81+1+25)=\/107.
B-(A-C)=@G@i+k)*Bi—-j+3k)=9+3=12.
Let D =ei+ fj + gk be perpendicular to A and B.
Then A*D=0 = e+2f+3g=0,
B-D=0 = 3e +g=0.
To be 24/26 units long, /(e + f? +g*) = 2,/26.
Solve to get e=12, f=18, g=7%6, soD==%(2i+ 8 — 6Kk).

11.24AB=b-a= 3i+3j— 4k,
|AB1=/(9+9 +16)
=y/34.

Direction ratios are —3 : 3 : —4.



11.3 Resolved part of F = E_di .

2a 2
F-d= 6a || -1 |J=4a —6a — 12a=—14a,
—6a 2

ldl=4/(4+1+4)=3.

14 _ 14N = 4=_3.

= Resolved part of F =

114p-q=q-r=r-p=k*/2.

P+q-D-(p-q+n=p> —¢* -~ +2q-r
=k* — K —k* +k*=0.

Since neither p + q — r nor p — q + r are zero vectors they must be perpendicular.
Similarly for the other pairs.

pP+q-—1-(p+tq—1r) =p* +g*>+r*+2p+q—-2p*r—2q-r
=2k2.

Hence (p+q—r)> =2k* = Lengthof p+q —r=ky/2.

Similarly for the other two vectors.
p + q — r is the diagonal RB. Similarly, the other two vectors are the diagonals
QF and PG. Hence the diagonals RB, QF and PG of the parallelopiped are mutually
perpendicular and of equal length k4/2.

11.5 Suppose that /; and /, intersect. Then s and ¢ can be found so that r; =r,.

= 3+5s=-3+¢ (1)
1 -2s=5 (2)
4+35=2+72t. 3)

From equations 1 and 2,s= —2 and ¢t = —4.
These values do not satisfy equation 3. Hence the lines are skew.

5 1
Directions of lines are (—2 )and( 0).
3 2

5 1
By scalar products, (—2) -( O)=\/(2S +4+9)4/(1 +4)cosb.
3 2

= 11=-/(190)cos8® = 6=37.1°,
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11.6 If A. B and C have position vectors a, b and ¢ and if D and E are the mid-
points of BC and AC then

OFE =e=4a+3c, OD=d=4b+%c.
; Any point on AD has position vector
E D P
r=sd+ (1 —s)a=§ (b+c)+ (1 —s)a.
A B

Similarly, any point on BE has position vector

r=—(atc)+(l —b.

[\SRr,

wln

At intersection Et =] —sand - = = s§s=t=

s
2

NORIEN

Intersection G given by OG =g=35(a+ b+ ).
By symmetry this also lies on the median from C.
g=5d+ Z2a, = Gisthe point of trisection of AD nearer to D.

11.7 Let P, Q, R and S have position vectors p, q, r and s respectively.
Then OA =a=+3p+3q,
OB =b=%4q+1r.
AB=b—a=%(r- p). Similarly, DC = +(r — p).
Thus AB = DC, i.e. AB and DC are equal and parallel
=  ABCD is a parallelogram.

11.80P=p=%a+3b, 0Q0=q=%b+ic
Since Rliesson AQ, OR=r=Aq+(1 —N)a
=(1 —AN)a+2\b+2)c.

] Similarly, since R lieson PC, OR =r=up+ (1 — p)c
=Zua+fub+ (1 - pe.
Equating and solving, A\ =5F and u= & .

o SoOR=r=#(6a+2b+3c).

2 Since SliesonBR,0OS =s=tr+ (1 — )b

c =fna+( - &b+ £t
But S lies on AC,

= scalar multipleof b=0 = (=4,
Hences=%a+1c and 45 :SC=1: 2.

1194P=r~a, BP=BO+O0OP=a+r,
AP - BP =r? — @®. But Irl=lal = radius of circle

P
.‘ = AP-BP=0 = /[ APB=90°.
A B
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12 Functions

The inverse of a one-one function. Composition of functions. Graphical illustra-
tion of a function and its inverse. Graphical solution of equations.

The approximations sin x & x, tan x = x, cos x & 1 — x2/2 (x is small and meas-
ured in radians).

12.1 Fact Sheet

(a) Notation

(i) f:x— yisthe function which maps x onto y (also x = y).
(ii) f(x) is the image of x under function f= f(x) = y.
(iii) f~! is the inverse function of f.
(iv) f-gis the function mapping x onto f(x) - g(x).
(v) fg or f o gis the composite function f(g(x)) or f operating on the result
of g.
(vi) fo fis often written 2.
(vii) f+ gis the function mapping x onto f(x) + g(x).
(viii) f'is the derived function of f.

(b) Definitions

® Domain. The values of x for which the function is defined. The most
common of these is [R, the set of real numbers {x : x € [R}.
® Range. The values of f(x) arising from the domain.

(c) Limits of a Domain or Range

® [f a function has discontinuities or is not defined for some values of x then
this can be shown by inequalities.
Example 1: f: x > log x has a domain {x : x > 0}.
Example 2: If f(x)=x, {x : 0<x <2}

=2x, {x:2<x <4},

then the first part of the domain includes x = 2, but the second does not. If
x = 2 is included in both parts the function will have two different values at
that point. Since functions can only be single-valued this is not acceptable.
The same function can be written

f:x— x [0, 2]
f:x—2x (2,4].
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[ 1 imply that the limit points are included.
( ) imply that the limit points are not included.

Graphically, included limit points are represented by e, excluded limit
points by o.

fix) A

® A function and its inverse can be recognized graphically since the reflection
of f(x) in the line y = x gives f~!(x).

® If the inverse is to be a function its domain may have to be restricted. For
example the inverse function of cos x is cos™! x with
domain{x : -1 <x < 1}.

y = Cos™

(d) Graphical Solutions of Equations

If an equation y = f(x) is complicated, split f(x) into g(x) + h(x) where g and 4
are easily sketched. Then the solutions of f(x) = 0 are given by the points of inter-
section of the graphs y = g(x) and y = —h(x).

For example, if y = 2 sin x — x then y = 0 when y = 2 sin x and y = + x inter-
sect.



v A

y =2sinx

X1, X2 and x3 are the roots of
2sinx —x =0

(e) Odd and Even Functions

® Definition:
If f(—x) = f(x) then f(x) is an even function.
If f(—x) = —f(x) then f(x) is an odd function.
® Properties.
Even functions are symmetrical about the line x = 0.
0Odd functions have half-turn rotational symmetry about O.
A function containing only even powers of x (including x°) is an even
function, but one containing only odd functions is not necessarily odd.
® FExamples:

Even: 0Odd:

f(x) = tan x

3
|
flx)=x2 —x* A i
14 2 '
|
05+ 1 |
|
|

T - X T T { } X
T 37
R Z
4 4
-0.57T

Q|
[&)]
Q
o
[&]
w
)
e R T

e — R R
&
5
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Neither even nor odd:

flx) =/ Ix +x3)
3

12.2 Worked Examples

1211f f : x > 2x — 3 and g : x = 3x2 + 2x are functions from R to R, then
(g’ o f) maps x onto
A 12x +1; B, 12x + 4; C, 12x — 16;
D, 16; E, none of these.

® o' i x—>6x+2,
gof:x=>6(02x-3)+2=12x — 16. Answer C

12.2 The functions f and g are defined by f(x) = x%, g(x) = x + 1 and each have
domain the positive real numbers R*. Express the following in terms of f

and g:

(i) x—-2; (i) x+2;
(i) x2? + 1; (iv) (x+1)?;
V) (x—2)*.

® f(x)=x%, gx)=x+1, gl'(x)=x—1.
(1) x—-2=g g '(x)org?; (i) x+2=g(g(x))or g?;
(iii) x* + 1= g(f(x)) or gf; (iv) (x+ 1)? =f(g(x)) or fg;
V) (x—2)*=ffg g1 (x)orf2g2.

12.3 The functions g(x) and h(x) are defined by
g(x)=y/(9 —x*) IxI<3; hx)=2+x2.
If g o h exists give the domain and range of h(x) and g o h.
® goh=./[9 — (2+x?)?] requires that 9 — (2 +x2)> >0
= 9>=212+x?)? sox?<1, ie IxI<l.
For g o h to exist, the domain of h(x) is | x <1, and the range of h(x) is

2 <h(x)<3.
The domain of go his [x|<1, the range of go his 0 <go h</5.
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12.4 A function with domain and range [0, 5] is defined by

f(x)=x+3 if x € {0, 2],
=5-—x if x €(2, 5].

Sketch the graphs of f, ! and f o f and state clearly the ranges of each
function and the points on the graphs of any discontinuity.

° f(x)=x+3 ifx€ [0, 2],
=5 _—x ifx€(,5].

Domain [0, 2] gives range [3, 5].
Domain (2, 5] gives range (3, 0].
Range of f(x) is [0, 5] with discontinuity at x = 2.

f=1(x)=5—x if x € [0, 3),
=x—-3 ifx €[3,5].

Range of f~1(x) is [0, 5] with discontinuity at x = 3.
Approach f of with care, especially at discontinuities.
Range of f becomes the domain for the second function.

Domain [0, 2] — range [3, 5]; domain [3, 5] = range [2, O].
Domain (2, 3) = range (3, 2); domain (3, 2) —> range (2, 3).

Domain [3, 5] = range [2, 0] ; domain [2, 0] — range [5, 3].
fof=5-(x+3)=2—x if x € [0, 2]
=5-5-x)=x ifx€(2,3)
=(5—-x)+3=8-x if x € [3, 5].

Range of fo fis [0, 5], with discontinuities at (2, 0) and (3, 5).
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12.5 State the largest possible real domains and ranges of the functions f and g
defined by

f(x) =4/(4 — 9x? ); g(x) = cos x.

Find the composite function gf and state its domain and range.
Can fg be formed? Give reasons for your answer.

® f(x)=+/(4 —9x?) has domain {x : — % < x <%},
range 0 < f(x) < 2.
g(x) = cos x has domain {x : x € R}, range —1 <
gf = cos /(4 — 9x?)) has domain {x : — % <x <%},
range cos 2 < gf <cos0=1.
fg=4/(4-9 cos? x), if it exists. However it is not defined for | cos x 1>
% = it is not defined for the full range of g(x).
Therefore fg can only be formed for domain {x : | cos x | <%3.

12.6 For each of the following functions state, without proof, if it is: (i) even or
odd or neither; and (ii) bounded or not bounded:
2
= _ cos? b) £ = _X
(a) fy(x)=cosx — cos® x, (b) f,(x) 212

(d) f4(x) =+/(x + x*).

, (¢) f3(x) = x cos x,

® (a) cos x and cos® x are both even functions and bounded.
Therefore f, (x) is even and bounded.

(b) x* and x? + 2 are both even, therefore the quotient is even. x? and
x? + 2 are both unbounded but the quotient is bounded (see sketch).
Therefore f, (x) is even and bounded.

fz(x)




(¢) x is odd, cos x is even, therefore the product is odd. cos x is bounded
but x is unbounded, therefore the product is unbounded.
Therefore f5(x) is odd and unbounded.

(d) This square root function is neither odd nor even. x + x* is unbound-

ed, so f4(x) is unbounded.
Therefore f;(x) is neither even nor odd and is unbounded.

12.7 f(x) = —4/(9 — 25x2) (0 < x < %), where/ denotes the positive square
root. Find an expression for f~!(x) and write down the domain and range
for f=!(x). Sketch f(x) and f~!(x) on the same axes.

® Draw a flowchart for f(x) if in doubt.

x x*;[ multiply by 25 }> 25x?;
subtract from 9 |> 9 — 25x2; [ square root [>4/(9 — 25x%);

multiply by —1 P —+/(9 — 25x%).

For the inverse,

x | divide by —1 |»> — x;[ square > x?
2
[ subtract from 9 }—> 9 — x2; ! divide by 25 }—> (9 —25x ) ;
9 —x2)
|
/ 25

f~1(x) =+ /(9 — x?). Domain {—3 < x <0}, range {0 < f~'(x) <%}.

Notice the reflection in line y = x.
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12.8 Prove that when 8 is sufficiently small,
§ ~sinf =~ tan 6.

When viewed from a stationary boat lying in the path of a ship of breadth
20 m the port and starboard lights subtend an angle of 36'. Find the distance
of the lights from the observation point. After 2 min the angle has increased
to 1° 12'. Calculate the speed of the ship in km h=?!.

°
From the figure: area of trlangle 0A4 172 sin 6. (AD)
Area of sector OAB = 1r 0 (A2)
Area of triangle OAD =472 tan 6. (A3)

When @ is acute, Al < A2 A3
= sinf <0 <tan$.

As 8 —> 0, Al > A2 ~> A3,

ie. forsmall8,0 ~sin 8 ~ tan 8.

T P
1°12'

20m N 36’ B,

l ;

S

Let N be the midpoint of PS, B, and B, the two positions of the boat
relative to the ship.

PN _ 018’ ~(18 ( T
NBl 60/ \180
s0 10= ™ NB,, - NB,=2%0
600 m
Two minutes later PN _ n36 = (36) L,
NB, 60/ \180
3000
10= — NB, = NB,="——
% 306 5 NB: = —
Distance travelled by ship in two minutes is
NB, — NB, = 9090 -3000 ' 955 m = 0.955 km.
4

Speed is 30 x 0.955=28.6 kmh~!.
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12.3 Exercises
12.1 The functions f and h each have domain the positive real numbers and are
defined by
f(x)=2/x, h(x)=x+1.

Express in terms of f and h the functions (a) 2 , (b) 3tx
x

+2 1 +x

Give the domain and range of each of the functions.

12.2 The functions f and g are defined by f(x) = cos x, g(x) =+/(1 — 9x?). Find
the composite function fg and state its domain and range. Can gf be formed? Give
reasons for your answer.

12.3 Which of the following drawings is most likely to show the graph of the
function f : x = log (x? + 1)?

fix) | flx) 4

/ 0 1 -1\ 0 1

fx) f{x)

12.4 A function with domain [0, 4] is defined by
f(x)=x+3 if x € [0, 1]

=i—1 ifxe(l,4].
X

Sketch the graphs of f, f=*, f o f, showing clearly the point of the graphs at any
discontinuity.
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12.5 Sketch the graphs of the functions and their inverses on the same axes:
@) f(x)=x% -2 (0< x <3};
(b) f(x)=e!~> {0< x <3};
(¢) f(x)=sin(x/2) {0<x <1}

12.6 Which of the following statements is true for the functions defined by
f(x)=x— l x>1
x

-
gx)= —— , x>1?
1 —x

A, fisincreasing, g is decreasing;
B, fisincreasing, g is increasing;
C, fis decreasing, g is decreasing;
D, fis decreasing, g is increasing;
E, none of these.

12.7 The sun is approximately 150 million km from an earthbound observer who
estimates that its diameter subtends an angle of 0.5°. Estimate its diameter and
hence the volume of the sun.

12.8 Plot on the same axes the graphs y =2+ x? and y = l
x

Hence estimate the value of the real root of the equation x3 + 2x — 1 = 0.

12.4 Outline Solutions to Exercises

138

2
x+2

= fh?;

2

121 (a) f(x)= 2, h(x)=x+ 1. W2 =x+2 =
X

domain (0, ), range (0, 1).

3+x 2

b =1+ — =1+ = : i oo
(b) T oo 1 + (fh) = hth; domain (0, ), range (1, 3).

12.2 f(x) = cos x, g(x) =4/(1 = 9x*) = fg=rcos {/(1 —9x?)].

Domain of f(x) is x € IR, domain of g(x) is —% <x <%,

= domain of fg(x)is — % < x <4.

Range of fg(x) is cos (1) <fg < 1.

gf(x) = /(1 — 9 cos? x) defined for Icos x| <% thus gf(x) exists only if the
domain of f(x) is restricted to '

cos™! () <x <cos™! (-).

12.3 f: x > log (x? + 1) is defined for all values of x.
This excludes answers A, B and E.



2x

f'(x)= —==—— , wh = 'x)=0.
(x) (x2+1)1n10,wenx 0,f'(x)=0
Graph C
12.4 fx) |
4_._
2__
1._._
0 : 2 3 4

_ 4
f—l(x)_x_-i-T {0, 3)

=x -3 [3,4]

=1 {x)

f(x) = 1 when x = 2. The domain of f o f will have discontinuities at x = 1
and x = 2.

fof
4 \
3
2
1
X
0 1 2 3 4
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R 4 1 —x
o f = - 1= 0,1
f x+3 x+3 [ ]
4 S5x -4
=_T 1= 1,2
I — (1,2)
X
=4 1s3=% 40 24
X X
12.5

(@) f(x)=x? = 2, f 1 (x)=+/(x +2);

1 x) =/ (x +2)

(b) f(x)=e"*, f'(x)=1—-Inx; (c) f(x)=sin (%), f=1(x)=2sin"! x.

A

1.0 4+

126 f0)=x— L, x>1:f0=1+ —,
X X

2 ' 2
= x>1; = ——
8= T, X g (x) 17

f'(x) and g'(x) are both positive for x > 1. Answer B



12.7 Angle TOS = 0.25°, ST =150 x 10® x tan (0.25°) =~ 0.655 x 10% km.
Diameter is approx. 1.31 x 10® km.
Volume = 377 = 1.2 x 10'® km3.

~

750,( 106 km

Observer

12.8 From the graph, x = 0.45 or 0.46.

'

3.0 1

25-
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13 Exponential and
Logarithmic Functions

The exponential and logarithmic functions and their simple properties. a* = eX!02,

13.1 Fact Sheet

a, b and c are positive throughout this fact sheet.

(a) Exponential Functions

® Definition: a* is an exponential function.
® Properties:
(i) a* >0 forallx € IR;
(i) a* =1 whenx =0;
(iii) ¢* > 0asx > —o° (a>1);
(iv) @ > oasx >0 (@>1).

f(x) A

__—-/1

o

® ¢~ (where e & 2.718 ) is the exponential function.
It satisfies properties (i) to (iv), and:

) % (€¥) = e*.

(b) Logarithms

® Definition: If b=a‘, thenlog, b=c. (a@+#1)
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® Properties:
(i) log, bc=log, b +log, c;

(ii) log, 5. log, b - log, c;
c
(iii) log, (b°)=clog, b;

(iv) log, b= M;
log. a

(v) log, b=- .
log, a

® Common logarithms are logarithms to base 10.
log,o a is sometimes written loga, or Iga.

f(x) ‘}

f(x}) =log, x

® Natural or Naperian logarithms are logarithms to base e, written log, a or

Ina.
ax=e.x1na.
(¢) Series
2 3 4
vl tx+ X+ X 4 X o X
2! 3! 4! n!
2 3 4 n
-X =1 _ +£__£_, +£___,” 1yt X
e TR TR PEDTE
2 3 4 n
n(l+x)=x-2 +X X 4+ s+t X 4 (c1<x<))
2 3 4 n
x? x>  x? x"
In(l —x)=—-x— > -2 _ X _ = 1< x<1).
n( x) X 5 3 ) (-1<x )

13.2 Worked Examples

13.1 The graph of y = log; x is the image of the graph of y = 3* under a reflection
in
A, the x-axis; B, the y-axis; C, the line y = x;
D, theliney = —x; E, none of these.

® 3% js the inverse function of log; x.
Hence reflection is in the line y = x. Answer C
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YA

_3)( //
y= e
s
s
Ve
Ve
Ve
1 v y = logz x
e
_/ L
ol -
Ve 1 X

13.2 Given that log 2 = a, log 3 = b, log 5 = ¢, then log 750 can be expressed in
terms of a, b and ¢ as

Aya+b+c B,a+3b+c; C,2a+2b+ 2c;
D,a+ b+ 3¢; E, none of these.

® 750 =(5) (5) (5) (3) (2) =5%(3) (2),
solog 750=3log5+1log3+log2=3c+b+a. Answer D

\
log, b
By using the substitution y = log, 4, or otherwise, solve the equation
4 log;e x — 1 =log,, 4.

13.3 Prove that log, a =

® [fc=log, athena=>b°.
Taking logarithms to base a, log, a = ¢ log, b.
1

"Butlog,a=1 = l=clog,borc=

log, b
1
H log, a= .
ence log, Tog. b
4 log,e x — 1 =log, 4.
loge x = ! = !
e log, 16  (2log, 4).
Substituting in the equation, _4 1=log, 4.
2 log, 4
Let log, 4 =y, then 4 1=y.
2y
Multiplying by y, y2+y—2=0,

+2)(y-1H)=0 = y=1or -2

Iflog, 4 =1 then x = 4.

Iflog, 4= 2then4=x"2 = x=%0.5.
Log x is only defined for positive values of x.
Therefore x =4 or 0.5.



13.4 Write down the first 4 terms in the expansion of ¢*. Obtain the first 4 terms
in the expansion of (x2 + x)e*. Deduce that (x* + x)(¢* — 1) is always
positive when x is positive.

x2 x3

® e* =1+x+ 5 + e + positive terms.

2 3
X2 +x)eX = (x2 + <1+ +x_+5—+...>
( yeX =(x* +x) x 7 3

3 4
=x+2x? + % + 2% + positive terms.

x*+x)(e* - D=2 +x)e* — (x* +x)

3 4
=x? + 3~;— + 2% + positive terms.

All the terms are positive.

Therefore (x*> + x) (e* — 1) is always positive, provided x is positive.

13.5 The graph illustrates the law y = ax®. The value of b is nearest to
A, —0.5; B, 2; C, 1.2; D, 4; E, 16.

logso VA

0.8 1

® y =ax". Take logarithms to base 10.
logyo ¥ = log;o ax® =logyo a+ b logyo x

orY=A4+5bX,
where Y =1log, y, A =loge a, b is the gradient of the line, and X = log;, x.
From the diagram, the gradient of the line is :l% = —-0.5.

Answer A

13.6 Find the first three non-zero terms in the expansion of In [(1 + 3x) (1 — 2x)]
in a series of ascending powers of x.

e In[(1+3x)(1 —2x)]=In(1+3x)+1n(1l —2x).

3
In(1+3x)=03x) - % + %— — ..
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9x? + 27x3

BRC T S M
In (1 — 2x) = (=2x) — (-gx)z N (—23x)3
2 3
Adding expansions 1 and 2,
In{(1+3x) 1 =2x)]=x— 132362 N 19;3 .

13.7 Find the first two non-zero terms in the expansion in ascending powers of
x, of €¥* — e~2*_ Given that x is so small that its fourth and higher powers
may be neglected, find the numerical values of the constants a, b and ¢ in the
approximate formula

log, (e** — e 2*) ~ log, x +a + bx + ¢x? (x> 0).
2 3 4
. @x =14+ @o)+ 0 L @07, QX7 ,
2! 3! 4!
2% - (=2x)* _ (=2x)* _ (=2x)*
e T+ (=2x)+ 5 + 3 + a0 +.
; 2 -2 8x3
Subtracting g —e7¥ =12 2x+—6——+...
3
max+ 3 4
3
3 2
log, (e2* — e 2%) ~ log, (4x + §—)3C—) = loge [4x (1 + 2—?)]

2
= log, 4x + log. (1 + —2—);—) .

But log, 4x = log, x + log, 4,

) 2

and log, (1 5 = + higher powers of x?.

2
Thus log, (e** — ¢7?*) =log, x + log, 4 + 2% +....

a=log. 4,b=0,c=4%.

13.8 When x is so small that x® and higher powers of x can be ignored, find the

values of @ and b such that In (1—1—% ) =X — 2%,

1+ bx
1 +ax
[ J
ln<1+bx>

il

In(1+ax)—In(l+bx)

2.2 2.2
(ax-— azx ) - (bx— 9-23—) + higher powers of x

2
=x(a—b)+i‘2- B* —a®)+....



13.9 Draw the graph of y = log, ( 3

2 2
e¥ —e¥ = [1+x+§xT:| —[1+(2x)+ ——(2;!) ]

+ higher powers of x.

_ 3x?
= _ x —_— —_—— —
2
1 +ax
If1 =g¥ - e¥*
n (1 " bx) e e,
then a—b=-1 (nH
and b? —a* = -3, )
Factorizing equation 2 and using equation 1 gives a + b = -3,

Adding to equation 1 givesa=—2,b = —1.

3+x

) for —2.5<x<2.5.

Use vour graph to estimate the root of the equation

+ .
4 — 3x . log, (3__x) to one decimal place.
2 3-—-x
[}
x -25 -15 -0.5 0.5 1.5 2.5
3+ x 0.091 0.333 0.714 1.4 3 11
3—x
log, (i Tx ) —2.40 —1.10 —0.34 0.34 1.10 2.40
— X
y 4
o
4 y=a— %
2 —
|
|
|
% ,' { { L+ ——x
-3

From the graph, x = 1.8.
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13.3 Exercises

13.1 Find the values of ¢ and b, such that
a = 3b and log; a + logs b =72.

13.2 Given thatIn2=a,In 3=b and In 5 = ¢, express in terms of ¢, b and c:

(a)In 7.5; (b) In 125; (c) log, €?*; (d) 1—O-g—3—2; (e) 4/30.
logs 3

13.3 Solve, for real x, the equation logz (x + 8) =2 — logz x.

134 Given that 2 (Ig y) + 3 (Ig x) = 4, express y in terms of x in a form not in-
volving logarithms (1g = logy, ).

13.5 A relation of the form y = ab* — 3 is known to exist between two variables
x and y. By drawing a suitable linear graph, or otherwise, use the following table
of approximate values of x and y to estimate the values of a and b:

2 3 3.5 4 4.5 5
y 3 11 18 30 48 76

13.6 For each of the functions f, g, and h defined below determine whether it is
(a) odd, (b) even, (c) neither. Give reasons for your answers.
2e* 1 +x )
fx)= = ; =ln —=; h(x)= 3x + 3x.
(x) e g(x)=1In L (x) = cos 3x + sin 3x

2x+1
as a series of ascending powers of x as far as the term in x3

13.7 Expand 1e

and give the set of values of x for which the expansion is valid.

13.8 Obtain an approximate value for the positive root of the equation
(x+ D@2 —-x)=5In(l+x),(a) by drawing the graphsof y =(x + 1) (2 — x) and
y =5 1In (1 + x) for values of x between x = 0 and x = 2, and (b) by expressing
In (1 + x) as a series of ascending powers of x as far as the term in x2.

13.4 QOutline Solutions to Exercises
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13.1log; a+logs b=2 = logzab=2 = ab=32=09.
Buta=3b,s0a> =27 = a=4%3/3,b=%./3.
But only logs of positive numbers are defined,

a=34/3,b=4/3.
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@ In75=mm D3 o s im3_mo=c+b-a
s ]

D) In(125)=1In(53)=31n5 = 3e¢.

A
(c) log, e? =2logy, e= — = =,
In2 a

In? _a 3 _ b

dy 1 2= =_":logs 3= — = =,

(d) logs In 3 b Bs In c

o logy 2 _a/b _ ac

logs 3 b/c b*’

(e) v/30=4/(2x3x5).
Iny/30=3m30=4@+b+c) = (/30=e@*t+0N2

133 logs(x +8) +logsx =2 = logzx(x+8)=2
= x(x+8)=32=9 = x=_9orx=1.
But x must be positive, so x = 1.

1341gy +31gx =4=1g (10%).
Thenlg (32x3)=1g(10%) = 2x3 =10% = 2 =10%x"3.
y must be positive, so y = 100x~3/2 .

135y +3=ab* = log(y+3)=xlogh+loga.
Plotting Y = log (y + 3) against x gives a straight line.
From the graph, gradient=0.38 =log b, = b=24.
Y-intercept=0=1loga = a=1.

log(y+3)A
2+
|
|
|
% 1.52
T !
f
|
|
(N
} } L - X
0 2 4 6
13.6
2 .
= = —x)= — = = f(x). Therefore f(x) is even.
()= s (0= 7 =W (x) is ev

gx)=In(1+x)—In(1 —x),g(=x)=In(l —x) —In (1 +x)=—gkx).
Therefore g(x) is odd.

h(x) = cos 3x + sin 3x, h(—x) = cos 3x — sin 3x.

Therefore h(x) is neither even nor odd.

2x + 1

13.7f(x)= S
1 —3x

2 3
el =e(e®)=¢e|1+(2x)+ (2;) +(23)f) +]

— 2 4x3 .
=ell+2x+2x +T+... (valid for all x).
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(1-3x)"'=14+3x+9x2+27x3 +. .. (valid for Ix!1<%).

f(x)=e(l+5x+17x2+l—zlx3+...> (valid for Ix|<%).

13.8
(a) From the graph, x = 0.6.

v A

y=5In{1+x)

y=(x+1{2—-x)

oy
|
L

2
Ox+HR—-x)= 5<x - %— + higher powers ofx) (-1 <x<).

2
Neglecting the higher powers of x: 2 + x — x2 = 5x — 5%

3x» —8x+4=0 = x=%or2.
But the log series is not valid for x = 2. Therefore x = .



14 Differentiation—1

The idea of a limit and a derivative defined as a limit. The gradient of a tangent as
the limit of the gradient of a chord.

Differentiation of standard functions. Differentiation of sum, product and quotient
of functions, and of a composition of functions.

14.1 Fact Sheet

If y = f(x) then Y by = lim LT 6x) — f(x)
dx 5x—0 5x

or f'(a) = lim f(a) — 1(6) )
b—a a—>b

(a) Product
—d—(uv)=u QL +y d_u
dx dx dx

(b) Quotient

{c) Composite Function (Function of a Function)

d dy du)
= f( = then < = [ =21 =),
If y = f(u) and u = g(x) then ( ) (

This is known as the chain rule.
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(d) Standard Results
y=1{(x) L f'(x)
dx
xn nxn—l
e* e~
a*(a>0) a*Ina
In x 1
x
1
log, x
xIna
sin x COs X
cos X —sin x
‘tan x sec? x
cosec x —cosec x cot x
sec x sec x tan x
cot x —cosec? x
sin! x o
V(1 —x?)
cos™! x =
V1 —=x%)
tan~! x 1
1+ x?

14.2 Worked Examples

14.1 Define the derivative f'(a) of a given function f at x = a.
Find from first principles:

(a) f'(@) when f(x)= > (x #0):
X

(b) h'(a) when h(x)=x3;
(c) g'(a) wheng(x) =2xIx!+1.

e f'(a) = lim [M] .

b—a a—>b

@ t)=3; f@—tpy=3 - 3 =30-a
x a b ab

f@)—f(b) _ 3(b—a) _ -3
a—>b ab@—>b) ab’

f'(a) = lim (‘_3> =3

b—a \ ab a
(b) h(x)=x*>;h(@) —h(B)=a® — b* =(a — b) (@ +ab + b?).

2 2
Therefore h'(a) = lim [(d —b)(@* +ab+b ):l

b-a a-—b
= lim (a? +ab + b?) = 342.
b—a
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(c) g(x)=2x IxI+1.
Consider in two parts: () x =0 = g(x)=2x% +1;
(idx<0 = gx)=-2x*+1.
(1) glx)=2x% + 1.

g@) —gb) = 2a* +1) — (2b* +1)=2(a — b) (a+b).

gl@) —g®) _ 2@—b)a+th) _,,,p
a—b>b a—->b .

g'a) = l}im [2(a + b)] = 4a.

(ii) g(x) = —2x? + L.
gla) — g(b)=(—2a%* +1) — (=2b%+ 1)=-2(a—b)(a+b).

g(a) — g(b) - —2((1 _ b) (a + b) -— _2(0 + b)
a-b a—b '

g'(a) = lim [-2(a + b)] = —4a.

b—a

So fora >0, g'(a) = 4a, fora <0, g'(a) = —4a.
Combining these for all a, g'(a) = 4lal.

14.2 By considering the limit of the gradient of the chord PQ of a parabola
y? = 4ax, find the gradient of the tangent at P in terms of the parameter at P.

® The parametric equation of a parabola is x = at?, y = 2at.
AtP, t=p;atQ,t=q.

7 A

2ap — 2aq

Gradient of chord PQ is: —3 3
ap® —aq

_ 2alp—q) _ 2
ap—q)(ptq) ptq
2

Gradient of the tangent at Pis: lim (—2—> =21 .
a=p \P*q 2pp
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14.3 Differentiate with respect to x:
(a) x3 In(3x); (b)sin* 3x.

® (a) A product uy withu =x3,s0 du _ 3x?;
v = In (3x) (a composite function), so 3—; = % c?_x (Bx)= ~33; = lx .
Thus
Ed“ [x* In (3x)] =(x3)(l> + [In (3x)] (3x2)=x2 [1+3In(3x)].
X x
(b) sin? 3x is a composite function.
Let y =sin* 3x and 3x = w.
Then y = sin* u, so % = (4 sin® u) (cos u).
u
From u = 3x, du _ 3, hence dy _dy du _ (12 sin® 3x) (cos 3x).
dx dx du dx

14.4 Differentiate
172
(a) In (i + x) . (b) In tan? (4x + 7).
X

® With logarithmic functions it is sometimes easier to use the theory of
logarithms to simplify the logarithm before differentiation.

(a) In (i +x>l/2=%ln (1 ”):-;— In(1+x) —1In(l —x)].

2"

—X 1 —x
d B B _1( 1 1
a{z[ln(Hx) In (1 —x)1} 2(1+x l_x)
=l[(1—x)+(1+x) _ 1
L a+na-x 1—x

(b) In [tan? (4x +m)] =2 In [tan (4x + 7))
Bd} [2 In tan (4x + )] = 2 % [In tan (4x + m)].

y =tan (4x + 7) is a composite function.

Let u = 4x + 7, then du =4, y=tanu, ay =sec? u
dx du

% = (sec? ) (4) = 4 sec? (4x + 7).
X

2 [4sec® (4x+m)] _ 8sec® (4x+m)
tan (4x + m) tan (4x + m)
8
sin (4x + ) cos (4x + m)

16
sin (8x + 2m)

16
sin 8x

4 {In [tan® (4x + m)]}
dx




14.5 Given that y = cos™ x prove that ((iix —\_/(—_lljx_—)—

® With any inverse trigonometric function, change the original equation to

.o dx dy dx
x =f(y) and find — . By the chain rule — =1+
) dy y dx dy
y=coslx = x=cosy,g=—siny,sod—y=— .1 )
dy dx sin y

Butsin y =+/(1 — cos? y) =4/(1 — x?).
dy -1
VvV —x2)’

Hence
14.6 Differentiate with respect to x:

233 32. (3x% +5)*
(a) (2x - 3)° (x+4)*; (b) 2x 37

® (a) This is a product y = uy, where u = (2x — 3)3, v = (x + 4)3/2,
Using the chain rule,

d

W _cx-3?2 and I
ax

A SRR RE

By the product rule,
a‘;— [(2x — 3)° (x + 4)2]
=(2x - 32 ) (x + 92 + 6(2x — 3)? (x + 4)32,

Take out the common factor % (2x — 3)? (x + 4)1/2:

=3 (2x =32 (x+ D2 [(2x —3) +4 (x+4)]

&I%

]

3 (2x =32 (x+HY2 2x —3+4x+ 16)
3 (2x — 3)% (x + 412 (6x + 13).

(b) This is a quotient y = u where
y

u=3x%+5%*, v=02x— 3)3.

e =4 (3x* +5)° ad; (3x% + 5) =4 (3x% + 5)3 (6x) = 24x (3x% + 5)3,

dv =3 (2x — 3)? 4 (2x —3)=32x —-3)2(2)=6 (2x — 3)2.
dx dx
Using the quotient rule,
ydu Ay
dy _  dx dx
dx p? ’
dy _ (2x —3)% 24x (3x? +5)° — (3x* + 5)* 6 (2x — 3)?
dx 2x — 3)¢ )
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The common factor in the numerator is 6 (2x — 3)2 (3x2 + 5)°;

dy _ 6 (2x —3)* (3x* +5)° [4x 2x —3) — (3x? + 5)]

dx (2x — 3)°
_ 6 (3x% +5)* (5x2 —12x — %)
(2x —3)* '
14.7
(a) Differentiate 2x — tan x + % tan® x, expressing your answer in terms of
tan x.

(b) Given that y = ae~™* cos px, prove that

d*y dy 2, 2
—= +2m — +(m* + =0.
o I ( p°)y

(¢) Given that y =In (1 + 2x) — 2x + 2x2, show that

Y >0 forallx>—14.
dx

® (a) Lety =2x —tanx + 3 tan® x.

d
d—y =2 —sec? x+3 tan® xsec? x
x

=2 — 1 — tan? x + tan® x (1 + tan® x)

=1+ tan? x.
(b) y =ae™™* cos px.

Method 1:

((i.i_jc} =a (—me™™ cos px — pe”™* sin px)
= —my — ape” ™% sin px.

Differentiating again:.

d’y dy Cmx —m

—= =_—m — —ap (—me sin px + pe™™* cos px).

02 P ( px+tp px)
Cmx - dy

But, from (1),ap ¢ sin px = —my — o

So equation 2 may be written:

d’y _ dy 2, dy o
& M MY TP

2
92 om Y v om +ptyy=0.
dx
Method 2:
Multiply by e™* to give e™*y =a cos px.
Differentiating with respect to x, once:

e %c + me™*y = —ap sin px,

(1)

(2)



and again:

2
emx _d y + me'™x vdy + me™> —j—y— + m2 emxy = —apz COS pX.
dx X

dx?
Dividing by ¢™* and writing —ap®e "> cos x = —p?y gives
d%y

d
G ram Loty =0

() y=In(1+2x) — 2x + 2x2.

dy o 2 — 2+ 4x
dx 1 +2x
1+2x

2
Forallx > —1, d =0, hence dy = 0.

3

1+2x dx

14.8 Show, by considering f'(x), that the function
f(x)=x3 —6x2+13x -3

is strictly increasing.
Find the gradient of the inverse function f=! (x) when x = 5.

® f(x) =x3 —6x? +13x - 3.

f'(x)=3x% — 12x+ 13
=3 (x* —4x+4
=3 [(x —2)* +1].

The minimum value of f'(x)is 1 when x = 2.

Therefore the gradient of the curve y = f(x) is always positive, and the
function is strictly increasing.

A £x)
1
6—»—
4
4+
04
£ 1x)
"
1
/_ 4
f T - x
(0] 2 4 6
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Since f~! (x) is difficult to compute, use the property of a function, namely
that the graph of the inverse function f~! (x) is the result of reflecting the

graph of f(x) in the line y = x.

The gradient of the inverse functionat x =5 is
1/(gradient of f(x) when f(x) = 5).

When f(x) = 5 then x3 —6x% +13x -3=5.
= x3 —6x2+13x—-8=0.

By the factor theorem, one root is x = 1.
Since f(x) is strictly increasing this is the only (real) root.

Thus f(1) = 5, f'(1) = 4 and the gradient of f~!(x) when x = 5 is .

14.9 Given that the function f defined by

f(x)=3+x —x? ifx € (=00, 1)
=x2+ax+b if x €[1, ).

is continuous and has a continuous derivative for all values of x, show that

a=-3and b=5.

Find the stationary points of f and sketch the graphs of f and its derivative

f' in one diagram.

® Forf(x)=3+x—x%, x€(—oo 1),
fx)=3+1 -1 asx > 1.

Forf(x)=x® +ax+b, x€[1,)
f(x)=1+a+d when x = 1.

For a continuous function3=1+a+ b,
= a+b=2.
Forf'(x)=1—2x, x€(—oo, 1),
f'(x)=1—-2asx—>1.

fix) &

fix}=x2 —=3x+5

ffix)=1-2x

-f' {x})=2x — 3
fix) =3 +x —x? \
—t ; f —— x
—4 -2 o v 2 4

(1



For f'(x)=2x+a, x€[l,),
f'(x)=2+awhenx=1.

For a continuous derivative, —~1 =2 + 4, s0a = -3.
Substituting into equation 1 gives b = 5.
Forf(x)=3+x—x?, x€(~oo,1), f'(x)=1—2xand
f'(x) = —

f'(x) = 0 when x = and " (%) is negative. Hence

f(x) has a maximum point at x = %, f($) = (}).

For f(x)=x% —3x+ 5,x €1, %), f'(x)=2x — 3 and
()= 2.

f'(x) =0 when x =% and f"(2) is positive. Hence

f(x) has a minimum point at x = 2, f(3) = &

14.3 Exercises

14.1 Given that f(x) = % , f'(x) equals
X

; C, - —; D, — i3; E, none of these.
x

14.2 Given that f(x) = (2x + 1)3, f'(2) equals
A, 50; B, 75; C, 625/8; D, 150; E, none of these.

14.3 Differentiate with respect to x:
(a) loge [tan3 (4x + 5)] 0<4x+5<7/2);

(b) (2x+ 1)
(c) €3 sin 2x.

14.4
(a) Differentiate (x — 2)® e~ >* with respect to x.

(b) If y =cos 2x + 2 sinx, where 0 < x <, find the values of x for which j =0.
X

Sketch the graph of y against x for 0 <x <.

1 —3x
2+

_y_ Bx )
dx 1—3x 2+5x2'

14.6

(a) Evaluate lim

x>0

12
1451fy = ( ) , find the values of 4 and B which satisfy

cos 3x — cos x

(b) Assuming that lim s X
x—0 X

(i) lim <———1 — cos 2"), (i) lim (2" "’).
X

x—0 x—=>nf2 Cos X

<cos 4x — cos 2x)

=1, evaluate the limits:
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14.7 The function f defined by
f(x)=ax* +8x +2 ifx€E(—oo, 1)
=b (2x — 3)? if x €[1, )

is continuous and has a continuous derivative for all values of x. Find the values
of the constants @ and b. Find the stationary points and sketch the graphs of f and
f" in the neighbourhood of x = 1.

14.8 Find the gradient of the chord PQ of the curve x = a#®, y = at?, where P and
Q have parameters p and g respectively. Use the gradient of the chord to find the
gradient of the tangent at Q.

14.4 OQOutline Solutions to Exercises

= f'(x)=-—-4x"3 = _—34 Answer D
x —_—

142 f(x) = Qx + 1)3, f'(x)=3(2) 2x + 1)2,

= {'(=6(4+1)%=150. Answer D
14.3
(2) log, [tan® (4x + 5)] = 3 log, [tan (4x + 5)].
dy _ [3sec? (4x +5)] (4) _ 12
dx tan (4x + 5) sin (4x + 5) cos (4x + 5)
- 24
sin (8x + 10)
(b) Quotient rule for y = — X
uotient rule for y T
Q _ (x+ D (Bx?) —(x*)(2) - x2 (4x+3)
dx 2x+1)? Q2x+ 1)

(¢) Product rule for y = €3* sin 2x:

% = (e3%) (2 cos 2x) + (3e3¥) (sin 2x)

=e3* (2 cos 2x + 3 sin 2x).

14.4
(a) Product rule fory = (x — 2)3 e=5*:

g_)f = (x —2)® (-5e=) + (=) [3(x — 2)?]

=e 5% (x — 2)? (13 - 5x).
dy

(b) If y = cos 2x + 2 sin x, then ==
dx

= _2sin2x + 2 cos x;

g—y =0 when —4 sin x cos x + 2 cos x = 0.
x

. 5
cosx=0 or sinx=05 = x= or?.

b

e

T
6
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y =cos 2x + 2sinx

1.5 1+
1.04/\/\

054
o T 1 1 2 & v

6 3 2 3 6
14.5 Take logs to base e before differentiating:
Iny=In L - 3x2)

2 + 5x?
= Iny=3In(-3x2)—%In2+5x).
1dy _ —bx _ 10x
ydx  2(1 =3x%) 22+ 5xY
dy = ( ~3x Sx )
dx (1-3x* (2+5x%)°
Hence A = -3, B = -5.
14.6
(a) cos 4x — cos 2x _ —2sin 3xsinx _ sin 3x
cos 3x — cos x —2sin 2xsinx  sin 2x
Since lim S8%% =g = i (5P 3x\ _ lim (sin 3x ('x _ §
x>0 X x—0\sin 2x x=0 x sin 2x 2
. 1 - 2 in? i 2
) () c2os x _ 231n2 X =9 (sm x) ’
X x X
. 2
lim 2 (Sln’C) =2
x—0 X

(ii) Lety = % —Xx,thencos x =siny and 2x — 7= -2y

= lim (—2~x — ") = lim 2)

x—m2 \ COS X y=0 siny
= lim _2< Y )
y—0 sin y
=2,
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= 2 =
14.7 f(x){ ax? +8x + 2 Af,(x){ 2ax + 8

=b(2x - 3)*
f and f' must be continuous at x = 1,

= ag+10=p (1) and 2a+ 8= —-4b

From equations 1 and 2,a= -8 and b = 2.

xXE(—o, 1)
=4b (2x —3) xE€[1, ).

When f'(x) = 2ax + 8 = —16x + 8, stationary point is at x = 1, f(x) = 4.
When f'(x) = 4b (2x — 3) =8 (2x — 3), stationary point is at x = %, f(x)=0.

f(x) lx)
4 o
2 -4+
fix) = 2 (2 x — 3)2
= X -84
0
14.8 P(ap®, ap?) and Q(aq®, ag?).
2 _ 42 +
GradientPQ=2P_—4) - __P*4q

a(p® —q¢®>) p*+pg+q*

. +
Gradient of tangent at Q is lim P4

p—q p* +pq+tq’
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15 Differentiation—2

Differentiation of simple functions defined implicitly or parametrically.
Application of differentiation to gradients, tangents and normals, maxima and
minima (and points of inflexion), curve sketching, connected rates of change,

small increments and approximations.

15.1 Fact Sheet

(a) Implicit Functions

i = o (2 ) where iy = 4
LoD = 0D ( dx)wheref(y) <o,

(b) Parametric Functions

dy
If x = x(¢) and y = y(¢) then d . a =TJ"
dx dx X
dt
where x = g)-C-and)'z = Q
dt de

(c) Tangents and Normals at (x,,y,)

If ccii_y = m when evaluated at (xq, yo) then:
x

(i) the tangent at (x4, Vo) may be written-as
Y —ya =m(x — xo),

(i1) the normal at (x,, yo) may be written as

—1
Yy—Yo= — (x—Xxo)
m

(d) Maxima and Minima

Stationary points occur when LI 0.
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At such points, if

2
(1) %%—) < 0 the point is a maximum,
X
d%y
(i) 2 > 0 the point is a minimum,
X
. d?y . . _ . . .
(iii) Fs = 0 the point can be maximum, minimum or a point of inflexion.
X

(e) Points of Inflexion

2
If d Z =0 at x = x,, and there is a change of sign of g—f as x passes through xq,
x

then it is a point of inflexion. This is independent of the value of ay atx = Xxo.

Inflexion and stationary point

Inflexion but not a stationary point

(f) Rates of Change

f'(x) or dy represents the rate of increase of a function f(x) or y with respect

to x.
The rate of decrease of f(x) or y is — f'(x) or — ? .
b



(g) Connected Rates of Change

If y = y(x) and the rate of change of x with respect to ¢ is % then the rate of

34

, . dy . dy dy\ ([ dx
change of y with respecttotis = given by <X = [ =X .
ge oty P ar VY g <dx> ( dt)

(h) Small Increments

If y = f(x) then :S—S% ~ f'(x) = &y~f'(x)dx.

(i) Velocity and Acceleration

If x = x(¢) then velocity v = g—f =X,
2
acceleration a = v _ d_zx =X=v dv 1 —d—(Vz)
dr dr dx 2 dx

15.2 Worked Examples

15.1 Show that the equations of the tangent and normal to the curve y? = 4ax at
the point P (af?, 2at) are ty = x + at®> and y + tx = 2at + at’.

® At the point P, x =at*,y = 2at.
Differentiating, d_x = 2at, QX = 2a.
dr ds

dx dt dx dt dt dx 2at t

Therefore the gradient of the tangent is % and the gradient of the normal

is —t.
Equation of the tangent at (a#?, 2at) is

x — at?

y — 2at = = ty=x+at’

Equation of the normal at (af?, 2at) is

y —2at=—t(x —at*) = y+itx=2at+at’.

15.2 The radius of a sphere is decreasing at 3 cm s~ 1. Obtain the rate of decrease
of the surface area of the sphere when the radius is 18 ¢cm. Leave your answer
in terms of 7.

® Given that the rate of decrease of the radius is 3 ¢cm s~! then d_r = _3.

ds
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Surface area of a sphere 4 = 4nr?, = 8nr.

dr

The rate of increase of the surface area is %‘% .

d4 _ (dA\[dr) _ Cav=
i (—(-1-;) (E) (8ar) (-3) 24mr.

Therefore the rate of decrease of the surface area is 24ar.
When r = 18, the rate of decrease of surface area is 4327 cm? s™1.

15.3
. 2 d
(a) Given thaty = w , show that 9—2— =2y i
cos x — sin x dx dx
: dy : — 332
(b) Find d_ when (i) y=In (1 +x°)*,
X
(i) x =sin® 6, y = cos 26.
o (a)y-= cos x + s%nx.
cos x —sin x
Use the quotient rule.
d (cos x — sin x) (—sin x + cos x) — (cos x + sin x) (—sin x — cos x)

dx (cos x — sin x)?

2

: 2 3 2
cos x — sin x)° + (cos x +sin x

(cos x — sin x)?

Differentiate implicitly:

. do?) _ (d_y)
Remember: Ir (2y) i)

d2y d d 2
£r = Z )+ — ).
dx? dx (1) dx S
d?y (dy)

Hence —= =(2 —

ence o 2y) i

® ODy=In(1+x3)?=21In(1 +x3).
Use the chain rule:

d—y=(2)( 1>(3x2)= 0”

dx 1+ x3 1+x3

(ii) Parametric differentiation:
dy _ (d_y) ( %)
dx dé dx /"
x =sin3 @, 9x _34in? 0 cos@; y = cos 20, @ _ —2sin 20:
dé de )

dy _ —2sin20 _ —4sinf cosf _ —4 cosecd

= 2 = =
dx 3sin? 6 cos @ 3sin? 6 cos 6 3
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15.4 A body starts from O and moves in a straight line. Its distance from O after
t seconds is s metres, where s = 4re” /3. Find the velocity of the body and
determine when it first comes instantaneously to rest. Find the acceleration
of the body at this time. Show that it subsequently moves towards O with-
out ever reaching it. Give numerical answers to three significant figures.

® Given thats =4te™"'/3 )

%

velocity of the body v = ol =d4e "3 + 41 (— 21e71713)
$e72 3 - 2%). )

Whenv=0,e"/3 =00r3 — 212 =0,
e™!"/3 0 for finite ¢, therefore 21 =3, ¢t =4/3 =1.22
(taking the positive value only for time).

Acceleration of the body a = %

g—: —4e1'3 (L4 + (3 —212) 4 (= 2ret/3)

=4e73 (4t — 20+ 53) = $te7 '3 (212 - 9).

When t=+/3,a=%/3e 2 3 -9)= -4 \/3e 12 = _3.96.

Therefore the body is instantaneously at rest after 1.22 seconds.
The acceleration at this time is —3.96 m s—2
The velocity now becomes negative and the particle moves towards O, and
continues in that direction since v remains negative (from equation 2). But
(from equation 1) s is always positive.
Therefore after ¢+ = 1.22 the body moves towards O but never reaches it.

15.5 Find the set of real values of x which satisfy (x> — 4) (x — 2) > 0.
Find the coordinates of the maximum point, the minimum point and the
point of inflexion of the curve y = x3 — 2x% — 4x + 8.
Sketch this curve showing its intersections with the axes. Find also the set
of real values of x which satisfy (x> — 4) (x + 2) <0. )

® Lety=(x2 -4 x—-2)=(x+2)(x —2)?,
(x—2)2>0forx+#2,(x+2)>0forx> 2.
Hence (x2 — 4) (x — 2)> 0 for x> =2, x #2.
y=x3 —2x% —4x+8=(x* —H(x —2)=(x+2)(x — 2)?,

B o352 4y _4=Gx+2)(x— 2),

dx
gl =0 whenx=2or —%.
X
d? d?
a%} =6x—4 = Kg =0 when x = .
2
When x = 2, ay 8 (positive) = there is a minimum point at (2, 0).
dx?
When x = —%, &y - —8 (negative) = there is a maximum point at
dx?
( - 35 —%ﬁ) )
When x = %—, d—i #* 0, QX—J; =0, = inflexion point at (3, 47)
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<_§,22L;5> o y=ix +2)x — 2)2

— X
-3 -2 -1 3
Ify = (x? —DHx+2)=(x—-2)(x+2)?%,
(x+2)*>0forall x, (x —2) <0 for x <2,
= (x* —4)(x+2)<0forx <2.
v A
ST a2 -4)x+2)
b - x
1 2 3

~10-

15.6 Find the coordinates of the maximum point T and the minimum point B of
3

the curve y = % — 2x% + 3x.

Find also the point of inflexion I and show that T, I and B are collinear.

Calculate to the nearest 0.1° the acute angle between TIB and the normal to
the curve at I. ()

3
oy=§——2x2+3x.

dy =x2 _4x+3 = d—y=0whenx=3or1.
dx dx

d?y _

E —2_x——4
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2
When x = 3, %—{ is positive, a minimum point.

X
d®y . .
When x =1, 7 is negative, a maximum point.
X
d*y dy . . .
When x = 2, ) =0 and I # 0. Hence an inflexion point.
X by

Thus 7 has coordinates (1, %), B (3,0)and I (2, %).
Gradient of TTis (3 — $)/(2 — 1) = — 3.
Gradient of IB is (0 — 2)/(3 — 2)= —%.
Therefore T, I and B are collinear.
At 1, S—y = —1, therefore gradient of normal = 1.

x

From the sketch: LZINB = 45°.
Since the gradient of TIB is —%, LIBN = tan™! % = 33.7°,
Hence LNIT = 78.7° (exterior angle of triangle INB).

vk

78.7°

W+
>

% N
0 1 / 2

2
15.7 Given that y = In (1 + cos x)?, prove that % +2e72 =0,
x

What can be said about any stationary values of y?
Sketch the curve y = In (1 + cos x)? for 27 < x < 2m.

® y=In(l+cosx)®*=2In(1+ cosx).

Using the chain rule, 2— =2 (—1——> (—sin x).

X 1+ cosx
Using the quotient rule withu = -2 sinx, v =1 + cos x,
gg = _7 ¢cos X, d_V = _gin X,
dx dx
d*y _ (1 +cosx) (=2 cos x)+(2sin x) (—sin x)
dx? (1 + cos x)?
_ —2cosx—2 _ -2
(1 + cos x)? l1+cosx
But 1 + cos x = ¢’/?,
2 2
therefore d—2~ =_2e7?, = d_J; +2e V2 = (.
dx dx

2
Since e /% is positive for all finite values of y, 4y < O for all finite
dx?

values of y. Hence any stationary values of y are maximum values.
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Sketch:
(a) In (1 + cos x)? is not defined when cos x = —1
= asymptotes are x = 7.

(b)gX = 0 when sin x = 0, but 1 + cos x # 0
X
> W

dx
(¢) In (1 + cos x)? is an even function.

0 when x = 27, 0, 27.

| v

\

x+D(x+4
—

15.8 Find the stationary points of the function given by f(x) =
Sketch the graph of f(x) and find the domain and range of f(x).

(x+1)(x+4) _ x> +5x+4

® f(x)=
X
By the quotient rule,
2
)= % (2x +35) —2(x +5x+4)
x
_x* -4
==

f'(x) =0 when x? —4=0 = x=1%2,

Hence stationary points are at (2, 9) and (-2, 1).

Sketch:

(a) f(x)is not defined whenx =0 = asymptoteisx =0.

(b) f(x) =0 whenx = —1 or —4.

(C) f(x): M =x+5+4 i
x X

When | x| is large, f(x) > x + 5 (asymptote).
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(x+1) {x +4)
4

(2,9)

(d) When x is small, f(x) = & |
X

The domain of f(x)is x € R, x # 0.
The range of f(x) is f(x) <1 or f(x)=9.

15.3 Exercises

15.1 Show that e ™cos x has turning values when x = (n + 3)7 when # is an
integer. Distinguish between maxima and minima.
Sketch the curve y = e~ cos x for 0 < x < 27.

15.2
. . o o . dy d*y
(a) A curve is given parametrically by x =¢* — 2¢, y = ¢* + 2¢. Find A and o2
in terms of ¢ and hence find the coordinates of the stationary point on the
curve, determining its nature.
Sketch the curve for -2 <t < 2.
(b) If y =sin? x cos® x, find the values of x lying between —x/2 and « for which
b —o.
dx
Sketch the curve y = sin® x cos® x.

15.3 Given that y = e=% cos 3x,

2
(a) express i—x}; in the form Ae~% [sin (3x + )], giving the values of 4 and

tan «.
2
(b) Prove that 37 + 8 ¥ +255 =0,
dx dx
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15.4 A point moves along the x-axis so that, at time ¢, its displacement from the
origin is given by x = 4 sin w¢, where 4 and w are constants. Prove that if, at time
t, the velocity is v and the acceleration is a, then (a) v? = w? (4% — x?),

(b) @ = —w?x, and (c) the particle oscillates with period 2r .
w

15.5
In x

(a) (i) Find any stationary points and points of inflexion of y = —= .
X

(ii) Sketch the graph of y = In x , for x > 0, indicating clearly any of the
x
points found in (i).
(b) Find the gradient of the curve x> + 3x%2y + y3 + 5 = 0 at the point (2, —1).
Write down the equations of the tangent and normal at this point.

15.6 Find the stationary points of the function f where f(x) = _4x=5
x—-D&x+1)
and determine the nature of each point.

Sketch the graph of f and give the equations of the asymptotes.

Give the domain and range of f.

15.7 A solid cylinder, of height # and base radius r, has a fixed volume V. Find
the ratio r : & if the surface area of the cylinder is a minimum.

15.8 The equation of a curve is given parametrically by x = 2(0 - sin 8),
y=2(1 — cos 0). Show that ¥ =cot ¢

dx 2
AtA, 0= %, and at B, 0 = 32_7r Find the equations of the tangents at A and B.

15.4 QOutline Solutions to Exercises
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151y ' =e™ (—cos x —sinx); ' =0 when cos x +sinx =0
= tanx=-1 = x=(n+%)7r.

y" =e¥ (cosx +sin x + sin x — cos x) = 2e~* sin x.

When 7 is even, sin (n + %)w >0 = p hasa minimum value.

When n is odd, sin (n +3)7r <0 = y has a maximum value.

¥ A
11
= p—X
05l y =e* cos x
'\____—i—’/f ! ! X
0 T T 3n 2r
2 2




@ F=2-2 Yoppn o o271
dr d dx 11
@=i<iz)=[,d_ dy g>=(t—1)—(r+1)‘ I
dx?  dx \dx) Llar \ax)|\ax t— 1) 2= 1)
e
(t—1)*

2
dy =0 when t = —1, and then d—J; = l
dx dx 8

Hence the point (3, —1) is a minimum.

v
8.—
4—.—
2__
— -
0 2 4 8

(b) ' = (2 sin x cos x) cos® x + sin? x (—3 cos? x sin x)
= cos? x sin x (2 cos? x — 3 sin? x).

s .
y'=0whencosx=0 = x=% —;orsinx=0 = x=0orm;

ortan x = i\/% = x=-0.68, 0.68, or 2.46 radians.

v A

0.25 +

y =sin? x cos® x

NS
N
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15.3
(a) ' =e~* (=3 sin 3x — 4 cos 3x)
y" =e~* (24 sin 3x + 7 cos 3x)
=25e~% sin (3x + &) where tan a = %5.
(b) Multiply by e**, e* y = cos 3x.
e* y' + 4e* y = _3 sin 3x,
e 3"+ 8e* y' + 16e* y = —9 cos 3x = —9¢¥ y.
Divide by e**, 3" + 8y’ + 25y = 0.

154 v=%=wA coswt, a=3%=-—w?4sinwt=-w?x,
cos? wt =1 —sin® wt, hence v? =w? (4% — x?).
Period T of sin wt is given by wI'=2r = T= 2%

w

15.5
(a) y' = (— —12—) (Inx) + (l> <l>= —Lz (1 —1lnx).
x x) \x x
y'=0whenlnx=1 = x=e
= Fd-mns k() = 5 e-2m;
x3 x? x3 ’
e

y"=0whenlnx=3 = x=¢3? (inflexion).

—

Whenx=e, y" = — (maximum),
e

) . . -3/2
= maximum at (e, e~ !), inflexion at <e3/2 , 3i—>

v A

-1 3/2 3 .-3/2
04+ e, e”") (e 58 )

O
+

(b) 3x2 +3x%y" + 6xy+ 3%y’ =0
r_ —(x? +2xy) )
= =2 At(2, -1 = (.
y e (2,-D,y =0
Equation of tangent: y = —1; equation of normal: x = 2.

x> -D@)-@x-502x
(x— 1) (x+1)?

_22x-D(x-2)
(x =12 (x+1)*

f'(x)=0whenx =% orx=2.

15.6 f'(x) =




When x <3, f'(x) is negative, (x # —1);
when 3 < x < 2, f'(x) is positive, (x # 1);
when x > 2, f'(x) is negative.
Hence at x =+, f has a minimum point (3, 4),
at x = 2, f has a maximum point (2, 1).
Sketch: (a) asymptotes at x = *1;
(b) f(x) =0 whenx =3;

(c) as |xl > oo, f(x)~ 45 y = 0is an asymptote;
x

(d) min (3, 4), max (2, 1).

v

1
|
[
|
i
i
e
|
f E
' 1
| P
| |
| |
| 19 f
‘ |
I ;
+ i 1 ]{ J: /% i t % — = x
-4 -3 -2 —|1 0 1 ! 2 3 4 5
i
| !
| |
| |
| |
J J
} |
| |
! !
‘ |
|
| |
| |
Domain of fis (x : x € R, x2 # 1).
Range is f(x) <1 or f(x) =2 4.
15.7 V =ar*h. 1)
Surface area = A = 2ar® + 27rh. 2)
From equation 1, 2 = —Kz— ;in equation 2, 4 = 2nr? + gl';—/ =2mr? + £A4 .
mr 7y r
%=41rr—¥=0when41rr=-2—2—l—/ = r3=—V.
dr r r 27
d*A4 4V
7 =4m+ 3 >0forallr.
4v B _ 1
=2 ol s h=1:2
Tk 8 4
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15.8%=2(1—0030),%§=2sin0,
dy _ 2sin 6 _ 2sinf/2cos /2
[ - = cot /2.
dx 201 —cos0) Tsin? 02 cot 6/
dy
AtA,0=" x=n_2 y=2 Y =1,
2 Y70 ix
37T g')i:._l

AtB, 0= "~ x=31n+2, y=2,
2 dx

Equation of tangentat Aisy =x — n + 4.
Equation of tangentat Bisy = — x + 37 + 4.
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16 Integration—1

Integration as the inverse of differentiation. Integration of standard functions.
Simple techniques of integration including partial fractions. The evaluation of

definite integrals.

16.1 Fact Sheet

(a) Standard Results (Arbitrary Constants Omitted)

jf'(x) dx = f(x).

j‘{f(x)}" f'(x) dx = ey .
n+

£(x) j ) dx
xn+l
X" (n#—1)
n+1
1
hl In [ x|
X
e* e*
sin x —COS X
Ccos X sin x
tan x In Isec xlor —In | cos x|
cot x —In {cosec x{ orln Isin x|
sec? x tan x
cosec? x —cot x
X, m
sec x In Isec x+ tan x| or In tan<—+—
2 4
X
cosec x —In lcosec x + cot x| or In I cot 3 ]
sec x tan x sec x
cosec x cot x —COSEC X
1
5 tan~! x
I +x
L sin! x
V(1 —x%)

(b) Integration as the Inverse of Differentiation
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Jf—(\—) dx=1n I fo)l.

( {f'(x)} ('™} dx = ™).

(¢) Use of Partial Fractions

J‘f((_x)) dx where f(x) and g(x) are polynomials and g(x) will factorize.
g(x

If f(x) is of the same degree as g(x) or a higher one then long division must be
carried out before changing to partial fractions.

(d) General Techniques for Integrating Trigonometric Functions
(i) sin” x (and cos” x) where » is an even integer: use the cos 2x formulae.
(i) sin" x (and cos” x) where n is an odd integer: write sin” x = sin”~! x sinx
and then change the sin”~! x into terms in cos x using sin? x = 1 — cos? x.

(i) tan” x where 7 is an integer and n > 1: use tan® x =sec? x — 1.
(iv) sinax cos bx and similar terms: use the product formulae.

(e) Indefinite Integrals

If % {F(x)} = f(x) then ~’Af(x) dx = F(x) + constant.

(f) Definite Integrals

r’ £(x) dx = [F(x)]b = F(b) - F(a).

16.2 Worked Examples

16.1

. 2 dx . (2 x
(a) Evaluate (i) J m and (ii) L m
(b) Evaluate J "3 sin 2x cos x dx.
1]
=1 2
* @ O f (2x +1)2 B 2£ ax+1g &

|
B | e
[oaeremm
~
[\
=
+ | —
—t
N’
| C—

|
Ml
~1 1
N r—
g
o
’(:‘) —
~—

i
—
|
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. 2 x _ 1 2 2x+1 1
m)L(w+n““‘5L fe=ay uwnf}“

RS S U N
2j-l 2x + 1 2x + 1)?

=lpy_2 2 dx
4 L 2x + 1 2x + 1)?
=ll:lnl2x+l|+ 1 g

4 2+l |
=+(n5++-m3-4
=%(n$ - %)=0.094

(b) Jﬂﬁ sin 2x cos x dx
(1]

Products sin ax cos bx and similar usually require the product formulae.
sin 2x cos x =4 (sin 3x + sin x).

3 . /3 . .
J"/ sin 2x cos x dx =4 Jw (sin 3x + sin x) dx

0 0

_1 [—cos3x /3
=_ — COS X
2 3 0
_ 1(—(,;511 —cos§+ cos 0 +cosO)

16.2
2

6 x*+x—11 ., b

(x —2)* (x - 3) 4

a, b and c are integers to be determined.

(a) Show that

(b) Find fsin x cos x dx by

(i) considering the result of differentiating sin? x,
(ii) considering the result of differentiating cos 2x.
Why are the results apparently different?

® (a) By partial fractions:

X+x-11 _ A ,_B . C

x—-22x-3) x-2 (x-2 x-3

Ax -2 (x—3)+B(x —3)+C(x—2)?
(x —2)% (x — 3) '
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Equating numerators:
¥ dx—11ZA(x-2)(x=3)+B(x —=3)+C(x—2)>~

Letx=3;then9+3 —-11=C() = C=1
x=72;thend+2 —11=B(-1) = B=5
x=0;then —11=64 —3B+4C=64 -15+4 = A=0.

6 x24x—11 6 5 I
H dx = T+ d
enee f - (x—3 L {(x—2)2 x—3} x

4
6
[ =3 +1n|x—3|:|
x-2) 4

—$+mIn3+3 -Inl

In3+3.

= ag=3,b=5andc=4.

sin x cos x dx.

(b)

Sy

(sin? x)=2sinx cosx = jsinxcosxdx=%sin2 x+C;.

(cos 2x) = —2 sin 2x = —4 sin x cos x

Ela &la

= |sinx cosx dx=-—-% cos 2x + C,.
The results appear to be different but the difference is in the constant:
cos2x=1_2sin?x = —+tcos2x=-%+7%sin?x

=< sin? x + constant.

16.3 Find (a) J'sin2 x dx, (b) J.‘cos3 x dx and (¢) Jsin2 x cos® x dx.

° (2) gin? x = 1 — cos 2x
2
= Jsinz x dx =%S(1 — cos 2x) dx
=%<x_sin2x) i C
2
=4 (2x —sin 2x) + C.
(b) cos® x = cos? x cos x = (1 — sin? x) cos x

= J‘cos3 xdx= J(cos x — sin® x cos x) dx

13
sm- X +C.

=sinx —

) sin? x cos® x =sin? x (1 —sin? x) cos x

=sin? x cos x — sin® x cos x



= Jsin2 x cos® x dx = J(sinz x cos x — sin*x cos x) dx

- 3 - 5
_sin’x  osin® x o
3 5

16.4
(2) Show that Jm (1+tanx)? dx=1+1n2.
0

2
(b) Evaluate J w1 dx, giving the answer in exact form.

sin x + cos x

e (a) (1+tanx)? =1+tan® x+2tanx=sec® x+2tanx.

r’ﬂ' (1 + tan x)? dx jm (sec® x + 2 tan x) dx
4] 0

/4

[tanx+ 2 In lsecxl]

0

tan £+2ln‘sec 7l—‘—tanO—ZIn Isec Ol
4 4

=1+2In4/2=1+1n2.

(b) acosx+bsinx orasinx +b cosx can
be expressed as r cos (x — «) (see Chapter 9).

1 _ 1 =1 T
sinx+cosx /2cos(x —mw4) /2 sec(x 4)'

a2 1 1 /2 T
_— dx = —— sec [x— =} dx
J sin x + cos x V32 J ( 4
0 0
[ln sec — T\ +tan (x— T
4 4
|:1n sec T +tan T
4
sec <—K>+tan _l’> }
4 4

4
=— {n/2+1)—-In/2-1D}

]n/Z
0

2
=_1 ln\/2+1.
V2 V2o
But L - verl o

Vi-1 2-DG&/2+D)
Hence J‘w/2____i___ dx=?/1—2 In(y/2+ 1)? =(/2) In(y/2+ ).

o sin x + cos x
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w[6
16.5 Evaluate J sin x sec? x dx.
0

sin x

cos? x

e sin x 5602 X = = sec x tan x.

w6 nj6
J sin x sec? x dx J' sec x tan x dx
0

]
—
»

[¢)

(e}

=
b
o 3
o)

Alternatively,

6 5 /6 —
J' sin x sec xdx=J cos™ % x sin x dx

0 [

/6 2
— J cos™“ x d (cos x)
0

n/6
[(cos x)'l]
0

Il

16.6 Find jtan3 x dx.

° tan® x =tan? x tan x = (sec® x — 1) tan x
=sec? x tan x — tan x.

Jtan3 x dx = J(secz X tan x — tan x) dx

=3 tan® x+In lcos x| + C.

16.7
(a) Find (i) j (cos 3x +sin 3x)? dx,  (ii) J(cos 3x + sin 2x)? dx.

(b) Evaluate r x (x — 2)!? dx.
2

e (a) (i) (cos3x+sin3x)? =cos? 3x +sin® 3x + 2 sin 3x cos 3x
=1 + sin 6x.

j(cos 3x +sin 3x)? dx = J(l + sin 6x) dx



cos 6x +C
6

(i) (cos 3x +sin 2x)? = cos?® 3x +sin® 2x + 2 cos 3x sin 2x

1 + cos 6x 1 —cosdx

= + + sin S5x — sin x.
2 2
J(cos 3x +sin 2x)? dx = J.<1 + 00526x - cos24x +sin 5x — sin x) dx
=x+sin6x _sindx _cosSx+Cosx+C‘
12 8 5

(b) r x (x — 2)*? dx. Write x in the form [(x — 2) + 2].

2

Then x(x—=D2=(x -2 (x -2 +2(x -
=(x — 21 +2(x — 2,

f x(x — 212 dx =j3 {x =B +2(x —2)12) dx
2 2

_ [(x_2)14 N 2(x_2)13]3

2

1
Alternatively, use a substitution u = x — 2 (see Chapter 17).

16.8
(a) Evaluate () —2— dx, @) [ (Fx+ — ) dx

j_l VE+2) L ( 2v9x )
(b) Evaluate J" (sin? x + cos? x)? dx.

0
. 2 x
[ J (a) (1) J'—l m) dx.
X _x+2 -2

=(x+2)12 =2 (x+2)712,

VE+2) Jx+2)

Jz \/(me &= r {(x+2)17 =2 (x+2)71?} dx
-1 -1

- [—g— (x+2) — ({2 (x+ 2)"2}]2
—1

=3 @ —a@) -G OPP -4 =3

Alternatively, use a substitution.

s 8 1 8
(i) _[ <‘3/x+ 53 )dx ) J {)'P +3(x)7 Py dx
)T
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8
- [2 + ) e
1
=(3@) + 3@y —(F+H =%
(b) Did you fall into the trap?

7r .
J. (sin? x + cos? x)? dx = J
0

" (H)dx= [x]ﬂ =,
]

0

1 X kid 4
16.9 Evaluate (a) dx; (b) cos” x dx;
R .

1

(c)ﬁ3 X ix: (d)j"’2 LI
\/ /4

, x? -1 sin? x

x x+3—3'=1 3

® (a) = B '
x+3 x+3 x+3
1 X 1 3
dx = 1 - —— ) dx.
J. x+3 J ( x+3>
—1 1
1
=|:x—3lnlx+3[]
~1
=(1-3In4)—(-1-31n2)
=2—-3In2=—-0.079.
(b) cos x = {L¥cos 2x)* _ 1+ 2cos 2x + cos? 2x
4 4
=% +% cos 2x+ 1 +cosdx
J‘n COS4de=J" (%+% cost-f-% cos 4x) dx
0 0
) ) . 3
=[3_3€+ sin 2x + sin 4x - §“'
8 4 32 0
c = '
21 F 2 1 y long division

3
V3 zx dx = \/3<x+ 2x )dx
J2 x* -1 Jz xc —1

2 V3
[x? +4 In |2 —H]

V2

G+4m@N-G++ )
1++11n2=0.847.
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2 m,
(d) JN/ 1 dx = J' 2 cosec? x dx

sin? x
/4 w4
/2
= l:vcotx:l =(0)-(-1)=1.
n/4
3x+2

16.10 Given that f(x) = , express f(x) in partial fractions.

2x -1 (x+3)
Sketch the curve y = f(x), showing the asymptotes and the points of inter-
section of the curve with the axes.

5
Evaluate J f(x) dx and shade on your sketch the region whose area is
1
equal to this integral. (L)
3x+2 = A + B
2x-Dx+3) 2x-1) (x+3)
= AXx+3)+B(2x -1
x -1 x+3)
Comparing the numerators: letx=-3; —-7=B(-7) = B=1:
let x = §; I=43) = A=1.
1 + 1 .
2x — 1 x+3

f(x)=

f(x)‘

3x +2

= e
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5
=[%1n12x—1l+1n|x+31]

1

=+ In9+In8 - FInl+1n4d)
=In3+in8—-1In4

=ln6

=1.792.

16.3 Exercises

16.1 For which of the following is it true that

Jl f(x)dx=2jl f(x) dx?
-1

0
(1) f(x) =sin x, (ii) f(x) = cos x, (iii) f(x) = x2, @iv) f(x) = x3.
A, (i) only; B, (ii) and (iv) only;
C, (iii) and (iv) only; D, (ii) and (iii) only;

E, some other combination.

16.2 Given that K is a constant of integration, then,

for x > O,J(l +x1?2 — x73?) dx equals

2X3/2

A + 272+ K B, x + 4x3? + 2x~1? + K;
s ) N s 3 ;

C, x+3x3 +1x-112 4+ D, x +%x32 _2x"12 + K;

E, none of these.

16.3

2 .
(a) Evaluate J 2 dx to three significant figures.
1

x-4)(x-6)

(b) Find (i) |sin® x dx, (i) {tan® xdx, (iii) ~fcot3 x dx.

16.4
/2
(a) Evaluate J cos x dx.
0
Write down
/2 L4 T, 2,
j cos x dx; J cos x dx; J sin x dx; J sin 2x dx.
—n/2 0 0 0
3 x2
(b) Evaluate J dx.
, X 1
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16.5
2, /2
(a) Evaluate J"/ sin? x dx, cos? x dx,
0 0
2 2
j & cos? 2x dx, J K cos? ax dx,
0 0

where g is an integer.

. x+2
(b) Find J(x T et D

x2

6 Given that f(x) =
16.6 Given that f(x) GrIR(x—1)

, express f(x) in partial fractions. Hence:

(a) Find J-f(x) dx.

(b) Find the first three terms ax? + bx> + cx* when f(x) is expanded in a series of
ascending powers of x, stating the values of x for which the expansion is valid.

(c) Evaluate jo.z f(x) dx and j-o.z (ax* + bx® + cx*) dx.
0 0

16.7 Evaluate
+1)3 m
(a) f4 Wx*r 17 dx, (b) J " sin® x cos® x dx,
. S5v/x

0

Va2 2x 1 1+4e¥
(©) J — X dx,  (d J & dx.
RV I

16.8 Evaluate

n/12 1 1 x3
—— dx, (b ——d
@) L cos? 3x x, (0 J; 751

16.9 Given that f(x) = (—_?)(7_1_ 0’ , express f(x) as partial fractions.

If j’ f(x)dx=In(}), finda.
0

Using this value of a, find the value of » for which

J" f(x)dx=21n%.
0
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16.4 Outline Solutions to Exercises

16.1 Jl f(x) dx =2 J’ £(x) dx

—1 (4]
if f(x) is an even function. cos x and x? are even functions. Answer D
16.2 J( 1 +x12 - x32)ydx =x+4x3? + 2x 12 + K. Answer B
16.3

2 2
2 1 1
@ JI G-He-6 J1<x—4+x—6>dx

2
=[—ln Ix —4l+1In lx—6|} =In% =0.182.

1

3
(b) () JSin3 x dx = f(l — cos? x) sin x dx = —cos x + COS3 X +C

(ii) jtanz xdx = J.(secz x—1dx=tanx —x+C.
(iii) jcot3 x dx = fcotx (cosec? x — 1) dx

= 4 cot? x+1In lcosecx! +C.

16.4
/2 ) /2

(a) j cos x dx = [sm x:I =1.
)]

0
2:0;2; 1. (Think of the graphs.)

3 1 x2 > 7
(b) J <x+1+ )dx=[—2-+x+ln|x—1\ =2+1n2=4.193.
2

x—1 2

16.5
, 3 w2
(a) i sin? de=l r (1 —cos 2X) dx:l x — sin 2x - E
2 2 2 o 4
0 0
r 7 . /2
" cos? x dx = %j/2(1+c052x) dx = %[x+ szzx}o = %
J 0 0
7 cos? 2x dx = %rﬂ (1+cosdx)dx= =
Jo 0
(™ cos? ax dx = %rﬂ (1 + cos 2ax) dx = %
v 0 0
1 1 ~1 6 1 x+1[ 3
b) - + + dx= — In — +C
(®) 4J{x+1 x—1 (x—l)z} 4 x—1 2(x -1
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16.6 f£(x)= 211{_1 § 3 __%*},

x—1 x+1 (x+1)°
(a) _t + 3 Inlx+ 11+ 1 Inlx—-11+C
2(x+1) 4 4
(b) —x? (1 —-2x+3x> — . )(Q+x+x*+..)
=_—x2+x3 2+ .. (valid when —1 <x < 1),
@ [fwar= L +3 1m0+ Lnos - Lio+o
fo 2(1.2) 4 ’ 4 ) 2
= -0.002 38.
2 .3 4 5702
“x? 120 —atyde= |2+ X ﬂ] = -0.00239.
0 3 4 5 Jo
16.7 .
(@) %f (x+3x12 + 3+ x712) dx= .
1
m 5 7 /2
) Jn (cos* x sin x — cos® x sin x) dx=[— COSS X 4 COS_/ x] =Z.
0
(1]
V32
(©) [_2 (1 -x2)1/2] = 2@ + 212 =1,
o
] 1
(d) J (e +e¥)dx = [—e"‘ + e"]
—1 =1
=(—e ! +el) —(—e! +e1)=4.70.
16.8
w12
(a) Jﬂmse& 3x dx=[% tan 3x] =1
0 1]

2

L x x 1 ! 1
b - - dx=]1=— — =1 |2+l|:]=———12=0.153.
()L(x x2+1) [2 5 Inlx Sy g

169 1(a_ _ _a )
4\x 3 x+1
1

f‘ f(x)dx=£[1nlx—3l—1n|x+1|] =—%ln3

0

[onoy

EN

0
= g=8.

Jb f(x)dx=2[]nlb—3l—lnIb+1|—1n|—3|+ln1:|
0

G~

=2In ——~ —1 .
n3(b+1) (1<b<3)
B-b _1

= . = _ =
306+ 1) 9 = b=2,
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17 Integration—

Integration by substitution and by parts.

17.1 Fact Sheet

(a) Integration by Substitution
dx dx . .
f(x) dx = f(x) . du where f(x) au is expressed in terms of u.
u u

® With indefinite integrals, answers must be expressed in terms of the original

variable,
® With definite integrals remember to change the limits of integration to the

corresponding values of the new variable.

(b) Special Substitutions

. 1
(l) ‘[m dx or J.‘\/(aZ —bzxz)dx.
. dx _ _a
Letbx =asin @;then b ) —acos()=$dx—3 cos § do
and @®> — b%x? =42 cos? 0.
. 1
(11) Jm dx.
Let bx =a tan 0; then b g—g =g sec? 0='dx=% sec? 0 do

and a® + b%x? =42 sec? 9.

1
(i J‘a sinf +b cosf + ¢ a0.

6 dr _ 1 6 _ (1+¢%) 2 dt
Lett=tan — ;then — = — gec® — = = df=
e an 3 en a0 ) SeC ) 3 1+ t2
a2t _ 11—
and sin 0 = W,cos 7

. 1
(W) J’a cos? 6 + bsin? 6 + ¢ a0

dt
1+ 2

Lett=tan0;thend%{=se020=(1+t2) = df =
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and sin? 8 = ﬁ—?,co29=

1+

~

(V) |sin” 6 cos 8 df: lets

]

sin §; then ds = cos 8 df.

cos” O sinf db: letc

cos 6 ; then dc = —sin 8 d6.
.

tan” 0 sec® 0 dO: let ¢ = tan @ ; then d¢ = sec® 6 d6.

rsec“ 0 tan 0 df: lets =sec 6; then ds = sec § tan 8 d9.

o 1
— dx, Z+ + ¢ Wi i i
(vi) I 2bx e where x2 + 2bx + ¢ will not readily factorize,
x? +2bx+c=(x+b)? +(c — b?).
If (¢ — b?) > 0, the denominator is the sum of two squares. Use a tangent
substitution for (x + b) as in (ii).
If (¢ — b?) <0 use partial fractions as in Chapter 16.
(vii) J I dx.
V/(a+ 2bx — x?)
Change a + 2bx — x* to (a + b%) — (x — b)? and use a sine substitution for
(x — b) as in (i).
(viii) Jx V(ax + b) dx or \T(af)i—xﬁ-)—b_)
Let u =+/(ax + b); square both sides: u: =ax+b;
2
then 2u QU _y = dx= 2u du andx= 2 _b.
dx a a

(c) Integration by Parts

ju Q dx =uy — JV % dx,
dx dx

(Or, more brieﬂy,Ju dy = uy — Jv du, where u and v are functions of x.)

Choose the u and ? so that v g—;l is easier to integrate than u dv .
x x

(d) Alternative Notations

Jf(x) g(x) dx = f(x) Jg(x) dx — J(Jg(x) dx) f'(x) dx

or juvdx=u J.vdx—J’(J‘vdx)gxE dx.
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(e) Special Cases
(1) | f(x) Inx dx: putu=1Inx and % = f(x).
X
() | f(x)sin™! x dx: putu=sin~! x and gz = f(x).
x

(i) | fe) tan=" x dx: put u = tan—! x and gli = ().
X

~

(iv) | e* cos bx dx or Je“" sin bx dx; integration by parts will have to be
J

performed twice.

17.2 Worked Examples

171

/2 . C e .
(a) Evaluate J X sin x dx correct to three significant figures.
0

(b) Using the substitution # = e*, or otherwise,

1
evaluate f 3 dx + correct to three significant figures.
—e

® (a) By parts.

Letu=x, dv =sin x, then du _ 1,v=— cosx.
dx dx
2 2 2
Jﬂ/ xsinx dx = [—x cosxT/ + J'"/ cos x dx
0 (1] 4]

/2
= [sin x] =1.
0

(b) If u = &~ then %xlf=e"=u.

Whenx=0,u=1,whenx=1,u=e.

1 1 e 1 dx e 1 1
dx = = du= = du.
L 3 —¢e* x Jl 3—e* du “ Jl 3—u u “

_1__=1{1+ 1 }
u@B—-u) 3lu 3—-u
e 1 1 e (1 1
—  du= = — + d
30 £ u3 —u) . 3£ {u 3—14} !

=-13-|:1n lu! —In I3—u|]

1

Now
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Lnlel=In13—-eh) —3dnilli—1nl2D

1{1 +ln( 2 )} - 0.987.
3 3—e¢

17.2

(a) Find Jln—x dx.

1/2
(b) Using the substitution 2x = sin u, or otherwise, evaluate j V(1 - 4x?) dx.

In x
® (a) J— dx = Jx‘l/z In x dx.
VX

By parts, u = In x, %’i =12, du

1

Tdx x’

X e = 2x112 In x *Kl (2x) dx
V/x X

= 2x1/2 Inx -2 fx—1/2 dx = 2x1/2 nx — 4X1/2 +C.
(b) If 2x = sin « then g_x = !

y=2x12,

Whenx=0,u=0;x=%,

j\/(l~4x)dx J V(- (‘Edu

= fm V/(cos? u)(;—cos u) du
0

/2 9 _ 1 r=/2
= 5 -[ cos udu—zf (1 + cos2u) du
0 0

{000

17.3
() Fmdfx LI
+4
b) Using the substitution ¢ = tan 0 therwi luat "/4%1*_(19
(b) Using the substitution ¢ = tan 0, or otherwise, evauaeJ ST 4 cos 28 )

giving your answer to three significant figures.

x3+1 (—4x+ 1) 4x 1
=x+ o =x_ + .
° @ x+d x2+4 x*+4 x2+4
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x3+1 4x 1
= — + d
Jx +4 dx j(x x2+4 x? +4) *

2
= {% —2In(x* +4)+ -;- tan~! (5)} +C.

2

1 -2 dr

- = =sectf=1+1¢.
1+ do

(b) If t = tan 6 then cos 20 =

When6=0,t=0;0=—,¢t=1.

r
4
dé dr
5+4cos29 dr

[1 1 1

Il

LIES
fo 5+ 4 cos 20

= dt
Joos, 40— A+
1+
Y R

1]
—
(SR

o

I

=]

L
N
W e~
—

[}
Wj—

-

o

=

|
N
W) | e
N——

o

e

o

~)

17.4

x+2
V(x? +4x)

4
(a) Using the substitution u?® = x? + 4x, or otherwise, evaluate j

giving your answer to two significant figures.

(b) Find the exact value of JA 2 x4/(9 — 2x?) dx.
0

® (a) If u?> =x? + 4x then 2u Q=2x+4,sou=(x+2) dx
dx du

Whenx=2,u? =12 = u=24/3;
Whenx=4,u? =32 = u=4,/2.

4 x+2 _ (a2 1 dx
, V& van T 2ys VO +4%) (x+2)<du) o

J~4\/2( )(u) du = [ :I\/z
2/3 2/3
=44/2—-24/3=2.2.

(b) Let 9 — 2x% = u?;then —4x c%:f =2u = (x S—E) —

Whenx=0,u=3;x=2,u=1.

r x/(9 - 2x?) dx = J‘ V(O —2x2) (x %)du
0 3

u
5

b



N R

JRUEENE

= 1 =
—e+ ¥ =1

5

Notice the technique of substituting 4> when a square root is involved.

17.5

1
(a) Evaluate J x%e™* dx.
(4]
(b) Using the substitution, x = a tan 8, prove that

*L‘Lx___ = .1_ tan_l <_’)£)
x2+a® a a
dx

0
® Hence, or otherwise, evaluate .
, X +4x + 8

(a) By parts. Let u = x2, % =g™%; du

" dx
1
Jq x¥e X dx = [x2 (—e""):l + fl (e™*) (2x) dx
0 0

0

=2x,v=—e"%,

1
=_¢1 + ZJ xe™ dx.
0

Now let u = x, dv =g, = =], p= 7%,
dx

Hence Jl x> e dx=—e 1 +2(-2e! +e%)
0

=2 —5e! =0.161.

(b) If x=agtan @, :11_; =asec® 6 and x* + 4% =a® (tan? 6 + 1) =4a? sec? 0.

dx 1 dx
= —=1 def
x% +a? J(xz + a2> (d@)

=f——L— ase029d0=jld0

a? sec? 6 a

1 0= 1 tan—! <£> .
a a a

1 _ 1 1

xX2+4x+8 (x+2P+4 (x+2)+2%°
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0
e (22
(X + 2)2 + 22 2 2 -2
—2

tan-1 (1) — % tan-! (0)= T

ro | —
ool

17.6

1 .. o .
(a) Evaluate J x2? tan~! x dx, giving the answer to two significant figures.
0

3

2 x
(b) Evaluate L _\/(T}T) dx

® (a) By parts. Letu = tan™! x, g—% =x%; = , V=

3 1 3

1xztan‘lxdx= X tan! x| — tx I 5 dx
3 0 3 1+x

0 0

)3 [ )

2 1
=l_l[x———1n(1+x2)]
12 3|2 0
=7 1l y0-001
2 6 6

(b)Letu2=4—x2,then2u%=—2x - x&x-_
dx du
Whenx=1,u=4/3;whenx=2,u=0.

2___de= 0 __'.x_z__<x d_x)du
Jl V4 —x?) J‘\/3 V@~ x*) du

0
_JO (iiz)(udu)z[_“i_4u]
3 u 3 \/3

= 3\3/3 +4,/3=3+/3=5.20,

17.7

(a) Evaluate

7 1
L V(7 +6x—x%) dx

(b) Using the substitution u* = 3 — x, or otherwise, find J(x +1)y/(3 — x) dx.

® (a) T+6x—x2=—(x* —6x—7)=—{(x —3)* - 16}.



Thus/(7 + 6x — x?) = /{16 — (x — 3)?}.

Let x — 3 =4 sin u, then ? =4 cos u and
u

16 — (x —3)2 =16 — 16 sin? u =16 cos? wu.

Whenx =3, u=0:whenx=7,u=

o

’ 1 dx =" 1 <d—x>du
L V(7 +6x—x%) JO V{16 — (x —3)*} \du

=f”/2< } )(4cosu)du
o 4 cosu

N L
K
0

(b) Let u?* =3 — x, then 2u du

dx

dx
J(x + 1)/ —x) (5&) du

-

or 2u= 9
du

j(4 —u?) (u) (—2u) du

=_2 J(4u2 —ut) du

=_2<iu3 _ lu5> =_ 2,
3475 15

= T2 G- (20 -9+3x)

3(20 - 3u?)

- % (3 — x)¥2 (11 + 3x)+ C.

17.8
(a) Evaluate f Y oxder? ay.
0

(b) Using the substitution ¢ = tan g, or otherwise,

evaluate 2 y 6 do.
1+sind+3cosf

. d 2 2 dv 2
® (a) By parts. Since — (e* )= 2xe* > choose — = xe* andu =x2.
yp dx () x dx

1 2
2xe* dx
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dé 2

6 dr 1g a6 _ 2
2 dt  (1+£2)

(b) Let t =tan —, then — =

0
5 9 e02§=%(1+t2) =

When 6 =0,1=0;when8 = t=1.

r
2 b

1
J 6 CLAY
0 1+sinf+3cosf dt

=J1 6 2
2 2
o 1+12f +3(1—l‘) 1+¢

+ 12 1+ 2

_Y 12 ;
- 2 7 af
o 1+ +2¢t+3 -3¢

1
0 2+t -t

6 2,2
Q-+t 22—t 1+t

1 1
j-—ﬁ—-m=2j<*L_+_i»m
02+t——t2 o\2—t 1+t

i
=2|:—lnl2—tl+ln|1+t|j|
0

By partial fractions,

=2(-nl1+n2)-2(-In2+1nl)
=41In?2
=2.717.

17.9

3
(a) Evaluate [ x3 In x dx.
Y1

5x* +4x+ 17 .
0(2x+1)(16+x2) ’

leaving your answer in exact form.

(b) Calculate

dy du 1
® (a) B at’u_lnx’__xi",____
(2) By parts ]

=838 _lini+&

=8 1n3-5=17.2.



17.3

(b) 52 +4x+17 _ A + Bx+C

Cx+D6+x2)  2x+1 16+ x2

=A06+x)+Bx+O)2x+1)
(2x+ 1) (16 + x?) '

Equating numerators:

Letx=-%, §-2+17=4016+%) = 4=1.
Letx=0, 17=416)+C(l) = C=1.
Letx=1, 5+4+17=4A(17+B+C)3 = B=2.

nd

4
5x* +4x+ 17 4 2x+1 dx
, Gxr D16+ & JO it 16+ x2

4
| 2x 1
+ +
L <2x+1 16 + x? 16+x2>dx

) 1 5 x)?
1n|2x+1l+1n116+x l+4an =
0

N | —

=(3In9+mn32+% tan~! 1) — (In 16)

=In3+m2+% =ln6+ ~
n n T3 né6

16
=199.

Exercises

. x? _ X
17.1 Find (a) ‘(m dx; (b) J—_—\/(l - dx

2
17.2 Find (2) J d

1+ x2 dx;

17.3

kig

(a) Evaluate j x cos x dx, correct to three significant figures.
w2

(b) By using the substitution u = ¢*, or otherwise, evaluate

1
_esx_dx
o 1te™

17.4
(a) Find j Inx

(b) By using the substitution ¢ = tan %, evaluate

72

J. ————— dx, giving your answer to three significant figures.
o 4+ 5cosx
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17.5
(a) Using the substitution x = tan u, or otherwise, evaluate

IA dx
, (T+x?)?

1/2

. x+2
(b) Find L 7 7]

17.6

1
(a) Evaluate J (x + 1) e* dx.
4]

(b) Find J.x2 sin~! x dx.

17.7
! 1
(a) Evaluate J; m dx.
b) Find [ XT3 4
(b) Fin \/(2x 7 x
17.8

(a) By means of the substitution ¢ = tan x, or otherwise, evaluate

n/4
j

> -
o 1+ cos* x

(b) Find P(z +x) (2 — x)*? dx.

o

17.9

(a) Find |sin 0+/(1 + cos §) d6.

LY

/3

(b) Evaluate J _sinf
o 1+ cos 28

17.4 Outline Solutions to Exercises

17.1

. dx
(a) x=sinu = -— =COSU.
du

x? N Y _ 1 sin 2u
J\/—(l_:—)?_) dx—Jsm udu—i[u——2—:l

=4 sin! x —xy/(1 —x%)} +C.
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du dx
222 > w5 - ax - _
(b) u X u ix X xdu
X _ -
J:/(sz) dx = J—ldu—-u—~¢(1 —x*)+C.
17.2
(a) x=tanu = gi:secz u.
du
x? dx= |tan® udu= |(sec® u —1)du
1+ x? ’
=tanuy —u=x —tan~! x+C.
2
(b) J—x—zdx= (1+ I )dx=l -2+ ! + l)dx
1 - x 1 —x? 2 1 —x 1+x

= x—-%Inll —xl++mli+xl+C

I +x
— X

=—-x++In + C.

17.3

(a) By parts, u = x, ? = cOos X gives [x sin x + cos x]
X

- _@+g)

m

72

b)u=¢* = g—z“e"—u
P ¢
J.o 1 + e2x _J; ﬁ-_uf
€ 1 e
:J<1— 2>du=[u—tan_l u] =1.29,
1 1+u 1
17.4
(a) By parts, u =In x, dr - —12 leads to — 1 lnx+J izdx
dx X X X
- La+mun+c
x
dt 1 X 1+£2 dx 2
b) z=tan > so - = — sec?> = = = == .
(b) r=tan 3 50 0= 5 2 2 & 1+7
nf2 1 1
[t [ s (e L)
o 4+ 5 cosx o 9 ¢ 30 3 -t 3+¢

=-§-[—1n 13 —¢l+1In l3+t|]

1

=4
-3

In2=0.231.
0
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17.5

(@) x=tanu = L =sec?u=1+x2

du
1 /4 n/4

J _—%=j cos? udu:%f (1 +cos 2u) du =1 (7 + 2).
o (1+x%) o 0

1/2

12

X N | 2 __J_

() J’ — dx—g[ln(4x +1)] =% In 2.
o AxP+1 0

o172 5 d
For L mdx, let 2x = tanu, 2 EE = sec? u,

/4 n/4
=> J (Hdu= [u] =
] 0

Adding equations 1 and 2 gives % In2+ % =0.872.

NI

17.6

(a) By parts,u=x+ 1, g—; = ¥, gives

1
["f (x+1)e* —‘ﬁ'ez"] =362 — 460 =529,
1]

(b) By parts, u =sin~! x, % = x?, gives

2 e [(2) !
3 sin” x j(3 \/(l—xz)dx

Let1 — x? =w?, then —2x ;ﬂ =ow = x ¥ -,

w dw
X*dx 1 -w?) =_ 1 {g_we
f3\/(.1_.___x2) 3[ =) () dw 3f(1 w2) dw
== P G-wh=— L Qe - x)

3 2
Hence sz sin™! x dx = x? sin™! x + (2 +9x )-\/(1 -x*)+C.

17.7

(@) x2 —8x+25=(x -4 +9 = putx —4=3tanu, 3—3 = 3 sec? u.

J‘7 1 /4 - n/4 -
—~——dx=J %du=[—§u] = .
. X* —8x+25 o o 12

(b) Let2x — 7=u2, 2 & =0y,
du
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X3 j(u +13) 4 (“—3 + l3u>= Y (u* +39)
/(“x—7) 3 6

=4(x+16)y/ @x - T+ C.

17.8
(3)l=tanx,£=1+tzsod_x= 12
dx dr  1+¢
/4 1 1
dx _J I d —[1 -1 l‘:l _
1+ cos? x t=|—tan"! — | =0435
2 . .
jo Tveos? x Jo2+ 7 V2 2l
u
j(2+x)(2—x)3/2dx=_2 J(4u ”)d“”—zi(% )
=& (18+5x) (2 — x)%2.
17.9

(a) Let 1+ cos @ = u?, -sin()g—o =2u.
u

Jsinﬂ\/(l +cos 0) df = J~2u2 du=—%(1+cos ) +C.

/3 3

. w3
(b) j 51—n26 d6=%f sec @ tan 6 d@ = [2 secﬁ] =(.5.
2 cos* § o

0 ]
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18 Applications of
Integration

The idea of area under a curve as the limit of a sum of area of rectangles.
Simple applications of integration to plane areas and volumes of revolution.

18.1 Fact Sheet

204

(a) Area as the Limit of a Sum

The area A enclosed by the curve y = f(x), (¥ > 0), the x axis and the lines x = a
and x = b, (@ < x < b), may be divided into » strips, each of width &x, height
y = f(x), area 64 = yéx =~ f(x) bx.

\<< Nas y = fix)
( = fix
| [T
N N
%
\ -
a &x b

Summing for all the strips,

Z 54 ~ Z f(x) 8x.

If n is increased and 8x decreased, in the limit as # tends to infinity,

b
area 4 = f f(x) dx.

a



(b) Calculation of Areas

® Area between a curve and the x-axis

(i) If y =f(x) >0 fora < x < b, area of elemental strip = y x =~ f(x) bx.

v = fix)
\ N

b

b
Area = J‘ ydx= j f(x) dx.

a a

a b

b b
(i) fy=fx)<O0fora<x<bp, area=—J ydx=—J f(x) dx.

a a

a b

y = fix)
(iii) If y = f(x) cuts the x-axis at x = ¢, (a < ¢ <b),

b

shaded area=A4, + 4, =J f(x) dx—J f(x) dx.
a ol

-

® Area between two curves

If y; =f,(x) and y, = f,(x) intersect when x = @ and x = b, and if £, (x) > f,(x)

for a < x <b, area of elemental strip =~ (y, — y,) éx = [f; (x) — f,(x)] &x.

y1 =% x)

b
Area = Jl [fi(x) — ()] dx.

a

I
[
|
]
|
a

Y

o g S
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® Area berween a curve and the y-axis

If x=g(y) =0 forc <y <d,area of elemental strip = x 6y = g(y) dy.

v A

d d
Area = J xdy = J g(y) dy. Sy

c fed | st —— X

(¢) Calculation of Volumes of Revolution

(i) About the x-axis. If y = f(x), fora < x < b, volume of elemental disc = 7 y? 6x.

b
Volume = J 7 y? dx
a

b
= J w {f(x)}?* dx.

a

(ii) About the y-axis. If x = g(p) for ¢ <y < d, volume of elemental disc ~ w x? 8y.

v A

d
Volume=J nx? dy

¢ x =gly)

d

=j T{g(y)? dy.

c
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(iii) About the line y = ¢ (parallel to the x-axis).
If y = f(x), volume of elemental disc = 7 (y — ¢)? &x.

y A

b
Volume = f T (y —c)? dx

a

I

I U

-

I -
X
oo
i o
|
|
|
o
I

b

=J 7 {f(x) — c}? dx.

a

Q

(iv) About the line x = a (parallel to the y-axis).
If x = g(»), volume of elemental disc ~ 7 (x — a)? §y.

d
Volume = J 7 (x —a)? dy
[4

d
=j T {g(y) —a}* dy.
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18.2
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Worked Examples

18.1 Calculate the area of the finite region bounded by the curve y = x (6 — x)
and the straight line y = 2x.

Y |

(X, y1)

y=x (6 — x)

VST S TS S A T

The two curves intersect when 2x =x (6 —x) = x=0or4.
Area of shaded element = (¥, — y,) éx,

where y; =x (6 — x)and y, = 2x.

ra

Area of the finite region = {(6x — x?*) — 2x} dx

Yo
4

= (4x — x?) dx

B 3
= |92 — x_]
[¢]

3

=32-¢.

Area of the finite region = % square units.



18.2 Find the area enclosed by the curve y? = 4ax and the straight line x = 3a.
Find the volume of the solid of revolution formed when the region is
rotated through four right angles about the line x = 3a.
® Curve y? = 4ax and line x = 3a intersect when
y2=(4a)(Ba) = y=1%2a4/3.

Area of shaded element ~ (x, — x,) 6y where

2
X, = - and X, = 3a.
4a
y A
\
4a + [
. y) (3, y)
2a 1+
|
| | E
0 a- 2 3
~2a + "
l
T V2 = dox |
2a/3 2 2ay/3 )
— Y — J
Enclosed area = f <3a - —)dy =2 J <3a - ——)dy
—2a4/3 4a 0 4a
3 2a+/3
- [3a _ y_}
12a

=2 |6a* /3 — T 3]
|67y - 2%y
= 8a4* 4/3 square units.

Volume of disc obtained by rotating the element about the line
x=3a~7n(x, —x,)* 8y.
2

2a+/3 )
Volume of solid =27« f (3a - y_) dy
0 4a

20\/3
3y2 . »*
=2 90> — =— + =— |d
”L (“ 2 62 )Y

3 s 2ay/3
=21r|:9a2y—z—+ y]
2 80a?,

3
=2 (18a3 V312433 + ﬂs\ﬁ)

cubic units.

3
Volume of solid = 96_7rc;£
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18.3 Draw the graphs of sin 3x and sin x for 0 < x < 7 on the same axes and
calculate the points of intersection.
Find the areas of the three regions enclosed by these curves.

At points of intersection sin 3x = sin x,

3n
3 +(=1)" o, T, 27T,
x=nm+(-1)’x,s0x= 2’2 T
For area 4: Area of shaded element =~ (y, — y,) 6x,

where y;, =sin 3x and y, = sin x.
n/4

Area 4 = (sin 3x — sin x) dx
J

w/4
[ cos 3x ]
+ cos x
0

(242)-(-4o)

4 /2 — 1) square units.

!

Area C= Area A.

For area B: area of shaded element = (y, — y,) éx.
3 3n/4
AreaB = [——cos x+ S982X :l
n/4
=<_\/_g_ + _\_/2 — | — ﬁ —_ ﬁ)
2 6 2 6

= 4./2 square units.
The enclosed areas are % /2 — 1), 34/2 and % (/2 — 1).

210



18.4 Find the volume of the solid of revolution formed when the region enclosed
by the curve y = xe™*, the x-axis and the line x = 3 is rotated completely
about the x-axis.

® Volume of shaded disc =~ my? &x.
v A

0.25+

. dv du —e= X
Integrating by parts, let u = x?2, =g — = 2x,v=
Erating by p dx dx 2
3 3 3
o y2a—2x
f x?e ™ dx = [——————x © jl + f x e dx.
0 2 0 0
. dy du g2
By parts again,u=x, — =e *; = =1,v=—
¥ Paris again. ¢ dx dx 2
3 3 3
-—2x —2x
J x e dx=[— xe ] +J‘ © dx
0 2 ) o 2

Hence the yvolume of revolution

_xz x e——2x 3
V=m| = e 2 —Z g 2 _
2 2 0

—~e’“6 eO
= 8+ r_
H{ ) (1 6+1)+ 4}.

V = 0.737 cubic units.

18.5 The periodic function f(x) is such that

0<
flx)= (2 —x, 1<
2

and f(x + 3) = f(x).
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9
Sketch the graph of f(x) for -5 <x < 5 and evaluate J f(x) dx.
0
® f(x + 3) = f(x) indicates that the graph is periodic, period 3.

flx) A

1 -
1 T R li ¥
-5 -4 -3 -2 -1

0 1

N
[
S

o

9
J' f(x) dx = area between the curve y = f(x) and the x-axis from x = 0 to x = 9
[}

= the area of three triangles.
Area of one triangle = 1 square unit.

9
Therefore J f(x) dx = 3.
0

18.6 Sketch the curve with equation 2 = x (x — 2)?. Find the area of the loop

and the volume of the solid generated when this region is rotated through
two right angles about the x-axis.

® Sketch.
(a) This is an even function of y, and therefore is symmetrical about the
x-axis.
) y*=20 = x(x-2P%=20 = x=0.
(¢) Curve cuts x-axis at x = 0 and x = 2.
(d)y =2(x — 2)/x.
As x > 0, y behaves as the curve y ¥ 23/x (with infinite gradient).
As x — 2, y behaves as the curve y = + (x — 2)/2 (two straight lines, gradients

£4/2))

y A
1Ak

{




Area of shaded element ~ y §x = x1/2 (2 — x) 6x.

Areaofloop=2j ydx—2j (2x1/? — X312y dx

4x31? 2x5/2:l
1]

[
1)
32 \/ square units.

15

Volume of disc generated by rotating the shaded element about the x-axis
2
=T y* bx.

2
Volume of revolution =7 f x (x —2)* dx
0

2
=7rj (x® — 4x? + 4x) dx
0

2
4 3
=1-r[.x_ _i')f__+2x2]
4 3 o

<4_ ¥+8>
3

= %}r cubic units.

18.7 Find the area of the region enclosed by the curve y = 2x + 3 cos x, the x-axis
and the lines x = 0 and x = 7. Find the volume of the solid generated when
this region is rotated completely about the x-axis.

° v A
4 4+ y =2x + 3 cos x
g
%
Z
%
27T y é |
? !
Z .
f
|
14, | — L x
(0] 1 2 3 4
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The area of the shaded element = y §x.

Required area = J (2x + 3 cos x) dx
0

kid

= [x2 + 3 sin x]
0

= 72

= 9.87 square units.

Volume of disc generated when shaded element is rotated about the x-axis
~7 (2x + 3 cos x)? 6x.

Y
Volume of revolution =7 J (4x% + 12x cos x + 9 cos? x) dx.
0

Now, by parts, Jx cos x dx =xsinx — jsin x dx

= x sin x + cos x.

Also, j(4x2 +9 cos? x) dx = ~f‘{4x2 +2 (1+ cos 2x)} dx
3
=%‘_+92_x+%sin2x.
Thus,

3
volume of revolution =7 [4% + ?25 + % sin2x+ 12xsinx + 12 cos x

3
=1r(—4l + 9_”_12) 7 (12)
3 2

= 98.9 cubic units.

18.8 The inner surface of a bowl is of the shape formed by rotating completely
about the y-axis the area bounded by the curve y = x* — 4, the x-axis, the

y-axis and the line y = 3. Find the volume of the bowl.
Calculate the volume of water in the bowl when the depth of water is

d (< 3). If water is poured in at a rate of 5 cubic units per second, find the
rate at which the depth is increasing whend = 1.



Volume of disc 6V ~ 7 x* 8y.

3
Volume of bowl V=17 J x? dy.
]

3
But x* =y + 4, so volume of bowl =7 J (y+4)dy
(1]

2 3
=T [1_ + 4y]
2 0

=1r<-9— + 12).
2

§§E = 51.8 cubic units.

Volume of bowl =

When the water has a depth of d,

y? ’
volume of water V =1 [7 + 4y]
0

AV @+ 4), so, with %7V= 5,

d (d)
d@ _ d@ (ﬂf) 5
dt dV \dr T(d+4)

Depth is increasing at a rate of units per second.

_ S
T(d+4)

When d = 1, the depth is increasing at 1. 0.32 units per second.
4
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18.3 Exercises

18.1 Sketch the graph y = x (x — 2) (3 — x). Find the equation of the tangents at
x = 2 and x = 3. Find the area of the region enclosed by the curve and these two
tangents.

18.2 Find the area of the region enclosed by the curves y2 = 4x and y* = 8 — 4x.
Find the volume of the solid generated when this region is rotated about the
y-axis.

18.3 By considering a circle centre (0, —r), radius 7, or otherwise find the volume
of the cap of depth % of a sphere, radius r.

18.4 The region A is bounded by the x-axis, the curve y = tan x and the line
x= T
3
Find
(a) the area of A4,
(b) the volume of the solid of revolution formed when A is rotated about the

Xx-axis.

18.5 Sketch the curve 2 = (x + 1)? (2 — x).
Find
(a) the area of the loop,
(b) the volume generated when the loop is rotated about the x-axis.

18.6 Calculate the finite area enclosed by the coordinate axis, lines x = 4 and
y =4 and the curve xy = 4.

18.7 Sketch the graph y = x + 3 from 0 <x < 3.
X

Calculate the area of the region bounded by the curve, the x-axis and the lines
x=1and x=3.

Find the volume of the solid formed by rotating the region through four right
angles about Ox, leaving your answer in terms of 7.

18.8 Calculate the area of the finite region enclosed between the curves y = x3
and x = y?.

Find the volume of the solid of revolution formed when the region is rotated
through four right angles about the y-axis.

18.4 Outline Solutions to Exercises

216

181 y=—-x3+5x% —6x,y =-3x* +10x — 6.
At (2,0)y' =2 equation of tangent y = 2x — 4.
At (3, 0) y' = —3; equation of tangenty = —3x + 9.
Intersect at 4 (2.6, 1.2).

Area of triangle ABC = 0.6 units.

3
Area under curve = f (—x3 +5x2 —6x)dx =15.
2

Required area 0.183.



YA

y=x {x —2){(3 — x)

2+

]

7~
Y
|

<
(5]
|

y? =8 — 4x

2 232 22
8 —
Volume=21r£{( 12} )" (y16) }dy

2
= l’f (64 — 16y%) dy
8 0

317 32
=27r|i4y—l—] = 247
3], 3
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18.3 Equation of the circleisx® + (y +r)2 =12 = x2 = _32 _Qypr.

0

o
Volume of cap=7 f x2dy=mw .[ (—p? —2yr) dy
n

—h -

0

3 3
:—n[l’_ +y2r] =1r<~———h +h2r>.
3 , 3

2
Volume of cap = 7121— 3r—h).

/3

7f3
184 ()4 = f tan x dx = [~ln I cos xl] =1n2 = 0.693.
0

0

y‘}

y = tan x

[
<
W e e e D

/3 /3
tan® xdx=7rj (sec? x — 1) dx

0

(b) V=7rf

0
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n/3 T
=1r[tanx—x] =7r<\/3f§>=2.15.
1}

2
18.5 Area = 2J (x+1)(2 — x)% dx.
-1

o
Substitute u? =2 — x, 4 = ~4J' GBu? —ut) du= 245\/—3 = 8.31.

V3

2

2
Volume=7rf (x+1)2(2~x)dx=1rj 2+ 3x—x3%)dx
—1 —1
277
= — =21.2.
4

18.6

Area A =4, area B = J
1

Total area = 9.55.
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18.7

3

Area=J<x+ §>dx=4+31n3:7.30.
X
1

3

2
Volume=7rj (x+ 2) dx = §97£
AN X 3

18.8
v A

1
Area = j (y'® —y?)dy =5/12.
[¢]

1
Volume about y-axis = wf (¥ -y dy = -2511 =1.26.
0
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19 Complex Numbers

19.1

Sum, product and quotient in cartesian and modulus-argument forms. Complex
conjugate numbers. Representation of complex numbers on an Argand diagram.
De Moivre’s theorem with simple applications to trigonometric identities and the
roots of a number. The relation

e = cos@ +1isin b

and its use in the rotation of vectors. Simple loci including 1z —al=klz — bl

and arg (z —a) —arg(z — b)=0.

Fact Sheet
(a) i=/(-1)
® i?=_1; i? = —i; i*=1; $=—i.
i
e i*n =1 i¥tl=4 2= 1. §41%3 = for all integer values of #.

(b) Real and Imaginary Numbers
e If z =x + iy where x and y are real numbers,

x = R(z) or Re(z): the real part of z;
y =1(z) or Im(z): the imaginary part of z.

(¢) Complex Conjugate

® Ifz=x+iy,z (orz*)=x - iy is the complex conjugate of z.

(d) Algebra

® (a+ib)+(ctid)=(a+tc)+i(b+d). z +z*¥=2x=2Re(2)
® (g+ib) —(c+id)=(a—c) +i(b—d). z —z*¥=2iy = 2Im(z)
® (g +ib)(c +id) = (ac — bd) +i(bc + ad). zz* =x2+y? (Real).

o 4tib _ (a+ib)(c —id) _ (ac+bd) , i(bc — ad)
c+id (c+id)(c —id) (c*+td*) (¢* +d?)
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(e) Argand Diagram

® z = x + iy can be regarded as an ordered pair (x, y) and can be plotted on
cartesian axes (called an Argand diagram).
® From the sketchx =7cos@,y =rsinf,

z=x+iy=r(cos® +isinf) orr cisb.

This is the trigonometric form of a complex number.

v b

® r=./(x* +y?)is called the modulus of z, written |z |=r= {/(x* +y?).
® From (d) it can be seen that |z[* = zz*,
® 0 = arctan (Z) is called the argument of z, written argz =0 = arctan(z) .
x x
e Since arctan is multivalued, the value of 6 in the interval —7 <6 < 7 is
called the principal value.
® z can also be regarded as the ordered pair [, #] (on an Argand diagram).

(f) Exponential Form

It can be shown that cos 6 +isin 6 = el
) z=x+iy=r(cos@ +isinf)=re'?.
If z, =r el and Z, =rpeif then
(i) 212, = ryry @102
Thus, in a product, moduli are multiplied and arguments are added, i.e.,
multiplication causes an enlargement factor r followed by a rotation 8 on
an Argand diagram.
(11) 21/22 = r—l ei(al _02).
ra
Thus, in a quotient, moduli are divided and arguments are subtracted.

(g) De Moivre’s Theorem

If z = (cos 6 +1isin 6) then z" = (cos @ +isin 6)" = cos nf +isin nb.
From this cos n6 = Re [(cos 6 +1isin 6)"]
= cos" 6 —<;)cos"'20 sin0 +(Z> cos”~ 4@ sin? 6 - - - .
sinnd =Im[(cosf +isin§)"]

= (’;) cos" 16 sinf —(2) cos"~30 sin36 + - - -
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(h) Loci of z on an Argand Diagram
(i) 1z — al=c represents a circle centre a represented by 4, radius c.
y {l

Locus {i

C N

)
o x
c
A o

(ii)) |z —al= |z — blrepresents the perpendicular bisector of the line join-
ing A to B.

v A
% ..

(iii)) Iz —al=k 1z — bl (k # 0 or 1) represents a circle, symmetrical about
the line through 4 and B.

Locus (iii)

N

-



(iv) arg (z — a) = 0 represents the half line from A to z in the direction of 6
with the x-axis.

Locus {iv} vik

N

(v) arg (z — a) = arg (z — b) represents the line through 4 and B omitting the
line segment AB.

Locus {v)

(vi) arg(z — a) — arg (z — b) = 0 represents an arc of a circle through A and B
which subtends an angle of 20 at the centre of the circle.

Locus {vi)

Special Case arg(z —a) —arg(z —b)= —275 represents a semicircle on AB as

diameter.
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19.2 Worked Examples

19.1

(a) Find the square roots z; and z, of —5 + 12i in the form a + bi where @ and &
are real.

(b) Find the moduli and arguments of —5 + 12i, z, and z, and plot the points
representing these on an Argand diagram.

® (a) Let (a + bi)* = =5+ 12i,
a* — b? + 2abi= -5+ 12i;

Lat=b?=-5 @O and 226=12 Q.
Either find a and b by inspection

or

= aé (from @).

n@,a® - 3% =_5

H
a2

a* +54%> —36=0,
(@* +9)@* —4)=0.
a is real = g% # —9, a’> =4, a= 2,

InQ2),b=t3.

Lz =2+31 oz, =-2 - 3i

(b) 1=5+12il = \/(52 + 122) = 13,
lz) 1= /(22 +3%) = /13,
[z, 1= \((-2)? +(=3)?) = /13.

arg (—5 + 12i) = tan —(15—2> (2nd quadrant)

= 1.966 radians.

arg (2 + 3i) = tan™! ( % ) (1st quadrant)

= (0.983 radians.

arg (=2 —3i) = tan~! (%) (3rd quadrant)

= —2.159 radians.
[Note that arg (2 + 3i) =+ arg (=5 + 12i).]

y
(-5, 12) 412
+10
+8
13
16
4 Z1
(2,3)
V13
l L 1 1 l Il } Il -
T T T T T T 1 T L
-5 Z2 -2 x
+—4
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19.2

(2) Find the modulus and argument of z; = 1 + i, and z, =+/3 — i. Hence, or
otherwise, write down |z, %41, 12,31, 1z,2,1, arg (z,%) and arg (z,/z,).

(b) Write down a quadratic equation in z, with real coefficients, which has a root
of 2 — 3i.

(c) Express 310

— in the forma + bi.
i

® (a) I1+il=4/(12+1%)=4/2, argz, = tan™* (%>=%

L - = = —1 :l E
W3 —il= V3 +1%)=2, agz, =tan <\/3) 6

Note: When finding arg z illustrate the point on an Argand diagram to

ensure the correct solution of tan~1 (Z>
X
lz,1% 1= G/2)"* =128, lz,31=23=8, lz,2,1=24/2.
arg (z,°) = o _ 3m (or — T for the principal value).
4 2 2

Zy  _
arg =L =argz, —argz,

Z3

-7 <_ 1) _ 5t
4 6 127
(b) If one root is 2 — 3i, then the other root is 2 + 3i.
Sum of roots = 4, product of roots = 23 + 32 =13,

Quadratic equation is z2 — (sum of roots) z + product of roots = 0;
z2 —4z+13=0.

() 10 _ 103+4)) _ 103 +4i)
3—4i (3 -4)@3B+40) 9+ 16
=% (3 +4i)
=% +4£i
19.3
N6
(a) Find the modulus and argument of (- _1) .
1+1)°
(b) If z = 3 + 4i, illustrate, on one or more Argand diagrams, the points
Ay, A, . . . Ag representing (i) 2z, (ii) 2 + z, (iii) 25/z, (iv) z*, (v) iz,

(vi) z2/5, (vid) % (z + z*), (viii) 3 (z — z*), (ix) z3/25.

2
Calculate |z and 2—5— )

1-»° _ a-p°d-1°

® (a) a +i)9 [(1+1)( ——i)]9
- (1_1)15
2° '
ll—i|=\/2, arg(l__i)=_f.
1A =D 1=212 ) arg (1 —D)8) = — li_”+2nn

(for principal value).

LA =D7 — D =273/2 (cos (- lﬁr) +isin{ — ﬂ))
29 4 4



s .. T
cos — t+1smn —).

217(4 4

Modulus = ﬁ, argument = g
(b) z =3 + 4i.
() 22=6+8, (i)2+z=5+4, (i) 2=228=4) _3_4
z 9+16
(V) ¥ =3 —di, (V)iz=3i+4i? =—4+3i
(Vi)Z—2 _(B+4D: _(9-16)+24i _ 7 + &i,
5 5 5 5 3
(vii) $(z +2%)=3,  (vii) $(z — z*) = 4§,
02 =2 2 =<—7+24i><3+4i>
25 5% 5 5
_ =21 - 96+72i—28i
25
- 117 44
25 25
Ay
8T ®
7-._
6 +
A
e 5T
Ag A A2
4* ® ®
As
[ ] 3+
Ag 2_._
[ ]
1—-.—
Az
— —————
6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6
-1 +
2 +
-3 t+
Az and A4
_4 + °
2
2l= v +a)=s, = %\/(72+242)= 25—5=5.
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(a) Show that lz; 1+ [z, | > |z, + z, |. What is the significance of the equality?
(b) Find the roots of the equation x3 + 6x? + 10x = 0.

(c) Find the values of p and g if

p(2+3)+(q —i)(4 — i) =3 +2i,

given that (i) p and q are real,
(ii) p and g are complex conjugates.

® (a) In the Argand diagram A represents z,, B represents z, and C represents
z; + z,. Considering the sides of triangle OAC, OC < OA + AC (prop-
erty of the sides of a triangle),
Szl Mz = Mz + 2, 1
If lz,1+1z,1=1z, +2z,1then O, A, B and C are collinear
ie.z; =kz,.

(b) x3 +6x2 +10x =0=x (x2 +6x+10)=0,

T x=0 or x? +6x+10=0.
Completing the square, x> + 6x +9 = —1,
(x +3)* =-1,
T x+3=%i;
x=-3%i

The roots of the equationare x =0, x = -3 +i,x=-3 — 1.
Note: The complex roots of a quadratic equation with real coefficients
are a conjugate pair.
(@ pR+3D)+(@—N4-1)=3+2L
@D 2p+3pitdg—4i—qi—1=3+2i

Realpart: 2p+4q —1=3=p+2q =2, @
Imaginary part: 3p —4 —q=2=3p —q=6, @
p=2, q =0.

(i) Letp=a + bi,q =a — bi;
@+bh)(2+3D)+(@a-bi—-1) (4 -1)=3+2i
2a+2bi+3agi—3b+4da—4bi—4i—ai—b—-1=3+2i
Real parts: 2a —3b+4a—b — 1 =3=6a — 4b = 4.
Imaginary parts: 2b+3a —4b —4 —a=2=>2a - 2b=6.
La=—-4 b=-17.

Lp=—4-1i, q=—-4+7i
Note: Each complex number equation gives 2 real equations;
real part = real part
imaginary part = imaginary part.



19.5

Find the cartesian equation of the following loci. Define the loci in
geometric terms. [llustrate each on an Argand diagram.

(a) {z:lz — 21 =3}, (b) {z:arg(z—i)=g:}, () lz =2il=1z - 11,

(d) {z:arg(z — D) =arg(z + 1)}, ()arg(z—1)—arg(z+i)= g
() lz—1—il=21z+2— 4il.
® (a) lz-21=3, ie. lx=2)+iyl=3
(x —2)*+y?=9.

Circle centre (2, 0) radius 3.

y A

Locus

(b) arg(z—i)=%, ie. arg(x+i(y —1)= %’
ie. tan~! (___y— 1) =T o 2= L. 1,
X 4 x
ie. y=x+1.
X
Locus is the kalf line from (0, 1) gradient 1, x increasing.
Note: The other half line would be the locus of arg (z — i) = — ? .
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(c) lz =2il=1z — 11, e lx+i(y —2)l=1l(x-D+iy],
X2+ (y —2) =(x - 1)? +)2,

x2+y? —dy+4=x% —2x+1+y?%,

2x —4y +3=0.
Locus is the perpendicular bisector of the line joining (1, 0) to
0, 2).

v |

3 —4—

2 —

%~— Locus
‘I ——
¢} 7 '2 ]3 X

(d) arg(z — 1) =arg(z +1),
ie.arg((x — D+iy)=arg(x+i(y + 1))
DS e

x—1 X
=xy=xyt+tx—y—1
=x—y—1=0.

Locus is the straight line through (0, —1) and (1, 0) omitting
the section between these two points.

Note: This section would be the locus of arg (z — 1) =
arg (z +i) + .

(e alfg(Z—l)—arg(z+i)=§

230
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Ifarg(z - 1) =« then tan ¢ =

arg(x - D+iy) —arg(x +i(y + 1)) =

Y
X —

E
>

1 2



+
Ifarg (z+i)=p then tanﬁ=yxl,

and ifa — g = g then

tan (@ —g)= tBna—tanf _. T

1+tanatan 2

This gives 1 + tan atan =0,

1+ 2. r*l
x—1 x

=0 or x(x—-D+y(y+1D=0

or  (x—3P++I)P =1

This is the equation of the circle centre (3, —7) radius v/
However, the locus is a semicircle, and this must be determined
from the Argand diagram.

From the diagram it can be seen that the circle passes through
the points (1, 0) and (0, —1), the two points indicated in the
given equation. The locus is one of the semicircles on the line
joining these points as diameter.

Consider the origin as one value of z which satisfies the
equation of the circle

oa=m, g= g and therefore a—f= g (as required),
the locus is the semicircle which passes through the origin.

<Ifyou consider the point (1, —1), a = — g,ﬁ =0,

" a—6=—g.>

) lz—1—-il=2lz+2 - 4il or
lx = D+i(y — DI=21x+2)+i(y — DI;
(x— 1D+ —12=4[(x+2) +(y — 4?]:
x2+_y2-2x—2y+2=4x2+]6x+16+4y2;32y+64:
3x2 +3y2 +18x - 30y +78 =0,
x2+y?+6x - 10y +26=0 or (x+3)? +(y - 52=8.
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The locus is the circle centre (—3, 5) radius 24/2.

b v

Locus — \‘“<)

0] X

It is often better to think of these loci in words, especially if

the cartesian equation is not required.

(a) The distance of z from the point (2, 0) is 3, i.e. circle
centre (2, 0) radius 3.

(b) The line from (0, 1) to z is in the direction w/4, i.e. locus is
a half line.

(c) The point z is equidistant from (0O, 2) and (1, 0), i.e. the
locus is the perpendicular bisector of the line joining (0, 2)
to (1, 0).

(d) The line from (1, 0) to z is in the same direction as the line
from (0, —1) to z, i.e. locus is the straight line through
(1, 0) and (0, —1), omitting the section between the two
points.

(e) The angle which the line joining (1, 0) to z makes with the
positive x-axis is #/2 more than that which the line joining
(0, —1) to z makes with the positive x-axis. In this case
where the difference is #/2 the locus is a semicircle (angle
in a semicircle is 7/2).

(f) The distance of z from (1, 1) is twice the distance of z
from (=2, 4).

19.6 Solve the equation z3 = 8,
(a) by finding one root by inspection and hence solving z3 —8=0byan
algebraic method,
(b) by expressing z in modulus-argument forin and then using De Moivre’s
theorem,
Illustrate the roots on an Argand diagram.

® (a) z3 =8.
z =72 isone root, i.e. (z — 2) is a factor of z3 — 8.
By long division (or inspection): 2 +2:+4
23 —8=(z -2)(Z* +2z+ ), z-2)z3 -8
z3 — 222
Lz=2 or z= M 222
2
_ 2z% — 4z
z=:2-—i#=-1i\/3i. 4z 8



(b) Ifz = [r, 01, then z% =1[r?, 361,

8 =18, 2nn];
S (3,301 = (8, 2nw],
P =8r=2; 36 =2nw,0 = %mr; where #n is an integer.

Any 3 consecutive integers may be used. Taking n = -1, 0, 1, then
rootsarez =2, z = 2 (cos 2w + i sin 3m), z = 2 (cos — &7 + i sin —3m),
andz =2, —1 + /31, -1 — /3i.

Y &
21. + 2
+ 1
20
+— -
Ol 1 5 8 x
2, ® 4 -2

19.7
(a) Sketch the following loci in the complex plane (i.e. Argand diagram):

(Darg(z+1 -1)= 23—7(;(ii) g <arg(z—1—2i)<g;(iii) lzl=21z - 21

Find the cartesian equation of (iii).
(b) Use De Moivre’s theorem to express tan 56 in terms of tan 6. Hence find the

general solution of the equation.
Stan* @ — 10tan? 8§ + 1 =0.

® (a) () arg(z — (-1 +1))= 2?‘”, i.e. the line from (—1, 1) to z is in the direc-
27

tion —.
3

Locus
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(ii) §<arg(z—(1+2i))<g.

The locus is the region between the line from (1, 2) in the direction
7m/4 and the line from (1, 2) in the direction 7/2 boundary lines
included.

(iii) The distance of z from (0, 0) is twice the distance of z from (2, 0).
This is a circle. The cartesian equation is
V2 +y2)=24/[(x - 2) +y?], x2 +y? =4 (x —2)® +4y2,
3x2 +3y% —16x+16=0,
x2+y? —¥x+¥=0,
x -9 +yr =4
Circle centre (%, 0), radius £.

(b) (cos 8 +isin 8)° = cos 56 +isin 56 (De Moivre’s theorem)
=cos 50 +isin50 =cos® 0 +5cos* @ isinf + 10 cos® 9 i2 sin® 0
+ 10 cos?8 i3 sin® 8 + 5 cos 4 i* sin* 6 + i° sin® 6.

cos 50 = cos® 0 =10 cos? 0 sin?  + 5 cos @ sin* 6 (real part);
sin 560 =5 cos* § sin @ — 10 cos® 6 sin® 6 +sin’ 6 (imaginary part);
tan 56 = sin 56 _ 5 cos® 8 sin§ — 10 cos® @ sin® § +sin® §

cos 580  cos® 6 — 10 cos? 0 sin? 6 + 5 cos 6 sin* @
Divide numerator and denominator by cos® §;

Stan@ — 10 tan3 6 + tan® 6
1 —10tan? 6 +5 tan* @

tan 56 =
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When 56 = #/2 + nn, tan 56 is undefined (tends to infinity);
Hence the denominator must be zero.

5tan* 9 —10tan? 6+ 1=0 when50=g+n1r,

6="1_ (1+2n).
or IO( 1)

19.8  Using the series for €*, cos x and sin x, show that
el =cosh +isin6
Hence show that e!® — elf = 2j el(@8)/2 gjp(@=5)/2

2 x3 | x% x3 | x

— X . .. : =y _ 2 4+ & ...
Cesltxy oyttt sxExo g :
2 4
cosx=1-2 +X ...
2 4
0 =g D02 L P0° B0
21 3 41
L 0% 8%, 6% . i6°
B T VA TE T
2 4 3 5
=1_9_+£9_+...+19_Q_+Q_..
ST 31 5

=cosf +isin@.
el — e = (cos o + i sin &) — (cos B + i sin B)
=(cosx — cos ) +1i (sin @ — sin )

atf S oa—f a+ﬁsina—ﬁ

= _2sin 3 n 7 + 2i cos 3 7
= 2i sin az_ﬁ (isin on-B + cos #) (-1=i%)
= 21 Sin a—_ﬁ ei (atp)/2

19.3 Exercises

19.1 Ifz;, =2+ 3iandz, =3 — 2i, evaluate
@21z, M)z +z,  ©@z-z, @2

2
and illustrate the results on an Argand diagram.

19.2 If one root of a quadratic equation ax? + bx + ¢ =0 is 2 — i, find the
other root and values of a, b and c, given that a, b and ¢ are real.

19.3  Solve the complex equations for a and b where ¢ and b are real:
() (2+1)(3-2i)=a+bi;
2+1i .
b =(1 —1i);
(b) T ( )
(© Qa—-bi)—(b—ia)=2+i.
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19.4 Express 1 +4/3iin polar form and, hence or otherwise, evaluate
2 (1 +4/3i)?
—_— by ¥
@ G733 ®) T30

195 Ifz;=2+1i and 1z, =3+4i, evaluate
@ lz,, @ lz),  (Qarg(zy), (d)arg(z,), (&) z,z,,
) lzyz, 1, (g)le, (h) arg(zlz).

19.6

(a) Find the modulus and argument of ) + 2

7 —3i

(b) In an Argand diagram: O is the origin, the point A represents (2 — i), ABCDEF
is a regular hexagon (labelled anticlockwise), with O as the centre. Calculate the
exact coordinates of B and C and hence write down the coordinates of the remain-
ing vertices.

19.7

(a) Use De Moivre’s theorem to show that sin 360 = 3 sin 8 — 4 sin® 4.

Hence evaluate [7/% sin® 6 df.

(b) Sketch the locus of the point in the Argand diagram representing the complex
z+2\_ s

z+2i )

number z where arg ( 5
(¢) If (x + yi)®> = 3 — 4i find the possible values of x and y. Hence solve the equa-
tionz? — 2z =2 — 4i.

19.8
(a) Find the modulus and principal argument (in radians) of (%—‘5‘ + 2 i) to 2 d.p.
Hence find the modulus and principal argument of (32 + 75 i)'°.

Write down the modulus and principal argument of (32 — % 1)!5.
(b) If z= —1 +1i find z2?, z* and 1/z and plot these values on an Argand diagram.

(¢) Find the cube roots of i.

19.9
(a) Show on Argand diagrams the regions defined by
(1) lz —4+3il<5

(i) 2<lz1<4 and §>argz>—g.

1+ .31 and 2 .
1 —i 1 —1i

Represent these on an Argand diagram and hence prove that

arg<_1 +\/.3i = 1w and arg(————3 +\/,3i) = 5—“
I —i 12 1 —i 12

(b) Find the moduli and arguments of

19.10
(a) Find the cartesian equation of the line |z +2il= [z — 1 —il.

(b) Show that when z = €' then z" +2z~" =2 cos nf. Use this to find expression
for cos 26 and cos 36.
3+4i

(c) Express 3+

. 1/3
a in cartesian and polar form. Hence find ( ) in polar
i

form.



19.11 A fixed complex number a is such that 0 <arga <m/2. In an Argand dia-
gram a is represented by the point A and the complex number ia is represented by
B. The complex number z is represented by 7.

Describe the locus of T if:
@ lz—al=1z—ial, (b) arg (z — a) = arg ia.

Sketch the loci on one diagram and label the point of interception C.

Describe the quadrilateral OA CB giving reasons.
If a = 3 +1i find the complex number represented by C.

19.12
(a) If 1 —4/3iisaroot of 2x® — 5x% + 10x — 4 = 0 find the other roots.
(b) Let z = cos § +1isin 8 (or cis 8).
(1) Draw an Argand diagram showing z and z + 1. Label these points A and B
and show that the triangle OAB is isosceles.
(ii) From the diagram, or by calculation, find |z + 1land arg (z + 1).

(iii) Show that li =1 (1 —itan10)
A

19.13 An equilateral triangle has its vertices on the circle [z| = 3. One vertex is

at the point representing |:3, — %} . Find the other two vertices in cartesian

form.

19.4 OQutline Solutions To Exercises

19.1 2,2z, =(Q2+3))(3-2i)=12+5i; zy +z, =541 z; —z5 =—145i;
z; _ 2+3)(3B+2)) _ 13i _

z, (B-=2)(3+2) 13

Zy — 23
1 e5 °
Z122
4 -4
Z1
3l e
2+
1+ ® 2z tzy
! I i 1 | i
I 1 1 I i T
-2 2 4 6 8 10 12

19.2 Rootsare 2 — i, 2 +i. Sum of roots = 4, product = 5 equation x? —4x +5 =0,
a=1,b=—-4,¢c=5.

19.3
(a) 2+ B -20)=8 —1; a=8,b=-1.

241 _ . QR+DA+i) _ 1+3i 1 _ 3
b =a+bi =123 a=1p-4
) T Te*h D 2 2073
(¢c) 2a—-b=2, —bta=1, La=1, b=0.
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19.4
(@ 11+y/3il=2 arg(l +y/3i)= I,
2 _2_-1 7

(1+y/3D)% -8 4~

(1 ++/3i)® = [23, 7] = -8,

(b) (1 +4/3i)* = [4, 2—;] , (1 —/3D)* = [16, - %15] )
A+v3i? [l _61]: 1
Q-3¢ 4 3] &
19.5 lz,1=4/5, lz,1=35; arg (z;) =tan~! () = 0.4636,
arg (z,) = tan~! (3)=0.9273; Z,25 =2+ 11j, lzyz, = 4/125 =54/5,

z,% =3 + 4, arg (z,2)=0.9273.

19.6
(5420 (7+3D _ 1+i
@ 2539 2

L+i| _v2 (1+i)=z
2 A A

(b) Use a complex number [1, g] Or COS g +1sin g to rotate OA to OB

and OB to OC. i.e. multiply (2 — i) by (—1- \/31> to give B.

[\

(2~i)(%+%>= (1+%>+1<\/3—2%

3\ .. . .
(045 +1(vo-2) (10589 =(-9) 1 o+ )
B (2+\/3’ 2\/3—1)’ c(\/3—2, 2\/3+1> D2, D),
2 2 2 2
E<_2+\/3 1—2\/3> F(z_\/3 _2\/3+1)
2 72 ’ 2 2 ‘

N

>

19.7

(a) cos 30 +isin 30 =(cosf +isin@)® =cos® O +3icos® 0 sinf — 3 cosh sin® 6
—isin® 6.
" sin 30 =3 cos? 6 sinf —sin® 6 =3sinf — 4sin® 6.

w2 n/2
J sin® 6 do =J (3sin 6 — % sin 30) do = £.

0 0
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(b) arg(z+2)—arg(z+2i)=g.

Locus is a semicircle on the line joining (—2, 0) to (0, —2) as diameter. Inspec-
tion shows which semicircle.

-2 0

x ¥

(=1, -1)

Locus

(©) x2 —y* +2xyi=3 —4i=>x? —y? =3, xy = =2.
By inspection, x=2,y=-1 or x==-2,y=1
z2 —2z=2 —4i Add 1 to each side.
22 —22+1=3-4i=(z-1)2=3-4i, z-1=x(2-1)
z=3 —ior—-1+1

19.8
(a) lzl=454/(24*+7%)=1, argz=tan"! 75 =0.28 radians.
[z15]= 1z =1. arg(z¥®) =150 = 4.26 radians.
This is not a principal argument, so subtract 2m. arg (z!5) = —2.03 radians.
1z =1z =1, arg (z1%) = —156 = 2.03 radians.

3 : . 1_ 1 1.
(b)z=—1+i,  z2=-2i, z°=2+42i, —=-7-3i
v
24 ' X4
zZe 1+
; + —-
—1. 0 1 2 x
_1-4._
2

) z*=i, z=[r,0], i= [1,—27—r+2n1r].
P=1,  r=1, 30=2I+2n1r=>0=—61!,5—61r—,—§ (n=0,1,—-1)
Cube rootsof iare 1 cis 8 = \23 +%, _;/3 +—;, —i
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19.9
(a) (i) |z —4+3il <5 interior and circumference of circle centre (4, —3) radius 5.

(i) The part of the annulus between 7/2 and —m/6 including the boundary.

~<

)
g

1+/3i]_ 2 _ <1+ 3i T ( w)_71r
b = =2 =T _(-T)= T ,
e N I 1-1) 3 3) 1 @)

2 2 2 T

=_Z = 2 = == .

’1—1 2 ; arg(l_i> ) (z2)

—1++/3i 3+4/3i

l*ji/i=21—22=23; ————lz/il=zl+22=z4.

In the diagram A represents z,, B represents z,, C represents z3, D represents z,4.
OBDA is a thombus LAOB = g LDOB = g.



OBAC is a thombus.
11w

arg(zl—zz)=g+g+g 1

19.10
@ lz+2il=1z—-1—il.
X2+ +2)2=(x -1+ -1)2=22x+6y+2=0
x+3y+1=0.
(b) z=¢l?, 2P =ein® zn =eminb = o5 nh —isinnd,
Z" +z7" =cosnf tisinnd + cosnf —isin nb =2 cos nb.
cos20 =4 (z2 +z72)=% [(cos @ +isin 8)? + (cos O —isin 0)?]
=2+ [2cos? 6 - 2sin® 0]
= cos? 6 — sin? 6.
€08 30 =3 [(cos @ +isin ) +(cosf —isinh)?]
= [cos® 8 — 3 cos 8 sin? 81];
=4 cos® 6 — 3 cos 8.

© 32:4.1 =2+i=+/5(cosf +isinf). 6 =0.464° + 2n.
1

1/3
) = 51/%(cos (0.155) + i sin (0.155))

3+4i
<2+i

and two others with angles 0.155 + 2 7.

19.11 OA is rotated by 7/2 to give OB (multiplication by i).
(a) Locus of T is the perpendicular bisector of AB.
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Locus 1

Locus 2

ia

(b) Locus of T is a line from A parallel to OB.
OACB is a square (OA = OB, LAOB =90° AC || OB).
a=3+i, ia=—-1+3i atia=2+4 (C).

19.12
(a) 1 —4/3iand 1 +/3i are roots. Sum of roots = 2, product = 4, x> — 2x + 4 =0,
Lx? —2x+4)(2x - 1) =0, roots 1 — /3i, 1 + 4/3i, 3.

(b) lcis@l=1, OA =1, AB=1. .. OAB is an isosceles triangle.
-
PR z+1
\ B
] \
2
N
S P

LOAB=m—0=LA0B=0/2.
OB =20N =2 cos /2.

lz+1l=2cos§, arg(z+1)=

S ES 3

1
z+1

2cos8/2’ z+1 2

R B 1 cis(—-Q)-
"z+1 2cos8/2 2

%(l—itang).
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19.13 Rotating by 3 the other vertices are

[3, ﬂ and [3, 7].
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Index’

acceleration 165, 167 degrees 75
algebraic relation 60 derivative 151
angles differentiation 151
compound 92 logarithmic 154
multiple 93 parametric 163, 166
annulus 240 standard results 152
arc length 76 differentiation of
area composite functions 151
calculation 205, 208 exponential functions 142, 152
limit of a sum 204 implicit functions 163, 166
Argand diagram 222,225-226, 228- inverse trigonometric functions 155
229,232 products 151
argument 222,225-226, 230 quotients 151
arithmetic discriminant 9, 10
mean 20,51 displacement vector 118
progression 20,2/ domain 129, 132
asymptotes 42
ellipse 61
binomial 27 parametric form 103
coefficients 27 enlargement 222
expansions 27,28, 38 equation
fractional powers 29 graphical solution 130, 147
validity 27, 29, 38, 39 parametric 103
quadratic 9
cartesian axes 222 simultaneous 14
cartesian coordinates 60 trigonometric 92, 94
cartesian equations 229, 236-237 equation of
chain rule 151 circle 61,65, 66,103
chord, gradient of 153 ellipse 61,103,112
circle 61,65 line 60, 66
centre of 66 parabola 67,103, 105
parametric form 103 rectangular hyperbola 103, 109
tangentto 66 exponential
circular measure 76 form 222,235
circumcircle 72,76, 80 function 142
coefficients series 143, 145
rational 11
real 5 factorizing 5, 6
collinear points 65 factors 3, 4
completing the square 9,11, 64 linear 4,6, 37,38
complex conjugate 221,228 quadratic 37,40
complex equation 235 repeated 37,41
complex numbers 221 factor theorem 1,4, 39
complex products 222 flowchart 135
complex quotients 222 function of a function 151
composite functions 129, 151,154 functions 129
compound angles 92 bounded 134
conjugate pairs 9, 11 composite 129,151, 154
cosecant 76 derived 129
cosine 75 even 131,134
formula 76, 80 inverse 130
cotangent 79 mapping 129
cube 82, 83 odd 131,134
cube roots 236, 239 periodic 67,211
curve sketching 42, 50, 54, 61 geometric
mean 20,5!
De Moivre’s Theorem 222, 232-234, progression 20,22
236 ratio 20,21, 22

* Numbers in italics refer to worked examples
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series 20,21 parametric

sum 20,21, 22 equations 103
gradient, parametric form 103 differentiation 163,166
graphical solution 86, 91, 130 partial fractions 37
graphs 48, 64, 68,77 parallelepiped 126
greatest value 10 Pascal’s triangle 27

period 67, 84, 86,212

i 221 perpendicular distance 71
identity 1,2,9 planes, angle between 85, 87
Im 221 polar form 236
imaginary numbers 221 polynomial 1
imaginary parts 228 division 1,4
implicit differentiation 163,166 powers, ascending 38, 39
increment, small 165 position vector 118,122
indices 1,6 principal argument 236
inequalities 47,48 principal value 222,226

modulus 47 progressions 20

properties 47 pyramid 87

region 350 Pythagorean identities 76, 92

sketches 48
inflexion, points of 164,167

integrals 178 ‘quadratic approximation 28
integration 177 equation 9,226, 235
by partial fractions 178,179, 185, roots of 10, 11
198 factors 37, 40
by parts 191 function 9,11
by substitution 190 quartic function 54

definite 178
indefinite 178

trigonometric 178 (7, @) formulae 93, 96

) . ¢ radian 75
intersection, points of 42 range 11,129,132, 133
inverse functions 158 rate of chz’mge ’ 164, 214
isosceles 242 ratio theorem 118

Re 221

least value 10,11 real coefficients 226

limit points 130 real numbers 221
linear factors 4, 6, 37,38 real parts 228

line
equation of 60
gradient of 60
intersecting 124
length of 60

rectangular hyperbola 103

recurring decimal 23, 24

remainder 1,3, 4
theorem 1,7

repeated factors 37, 41

parailel 61 rhombus 240
parametric form 119, 123 roots 9,226, 228, 232
perpendicular 61 product of 9, 10, 16, 226
vector equation 119 rational 10
locus 71,223,229-230, 233,236 real 10, 13
equation of 107, 110 sum of 9,10, 15,226
logarithms 142 rotation 241
logarithmic differentiation 154
long division 1,38 z 20
scalar product 120, 125
maximum 13,16,163,167 scaling 68
minimum 11,163,167 secant 76
modulus 119, 222,225-226, 236 sector 76
modulus argument 232 segment 88,91
multiple angles 93 series 20
particular 28, 37
Napierian logarithms 143 sum of 23,25
natural logarithms 143 set 52, 54
normal simultaneous equations 14
equation of 104,112,163 sine 75
to hyperbola 109,112 formula 76,80
skew lines 79, 85
ordered pairs 222 small increments 165
solution set 51
parabola 67 square, completing the 9,11, 64
parametric form 103 square roots 225
tangent of 106 stationary points 163,170

245



246

straight lines 60, 66,71, 123

equation of 119, 124
stretch 63, 64
surds 2

‘t’ formulae 93, 96, 197
tangent 73, 163
equation of 104, 105
to ellipse 112
to hyperbola 109
to parabola 105,110
tetrahedron 81
transformations 63, 64
one-way stretch 63, 64
scaling 68
translation 11, 63, 64, 68
trapezium 122
trigonometric
equations 92

form 222

formulae 92,97, 98
functions 75

graphs 77

identities 92

unit vector 118,121

vector
algebra 118
components 119
magnitude 119
perpendicular 121, 125
projection 120
resolved components 120
velocity 165,167
volume of revolution 206
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